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Abstract 
The evolution and spatial distribution of tissue stresses is of fundamental im-
portance in a number of physiological phenomena. The experimentally-observed 
phenomenon of vascular collapse in tumours, for example, which has been at-
tributed to the elevated tissue stresses resulting from confined proliferation of 
tumour cells, represents a significant barrier to the delivery of blood-borne thera-
peutic drugs. Such stresses are residual in nature, arising in the tissue even when 
it is free of external loads. 
While experimental approaches may attest to the existence of residual stresses 
and provide information about their distribution in tissues, the underlying mech-
anisms governing their genesis cannot be fully elucidated in the absence of math-
ematical modelling, owing to the fundamental role played by the incompatibility 
of growth strains in their formation. Mathematical analysis provides the key to 
identifying incompatible growth, and represents a tool for investigating the roles 
of a variety of phenomenological aspects of growing tissues - nutrient profiles, 
growth-related density changes, stress modulated cell proliferation and apopto-
sis, geometric effects -in promoting incompatibilities and the associated residual 
stresses. 
This thesis presents a concise history of the mathematical modelling of solid 
tumour growth, along with a number of novel mathematical paradigms relevant 
to the study of residual stresses and vascular collapse in growing tumours. Single 
(cellular) phase models have been proposed, which employ the simple constitu-
tive principles of linear elasticity and model the growth process by analogy with 
thermal expansion. The crucial aspect of stress-relaxation is incorporated into 
these models in a very novel way via anisotropic growth, allowing the growth 
term in the constitutive equation to respond to the prevailing stress field, rather 
than the stress-response term. For this reason, anisotropic growth can be said to 
impart a pseudo-viscoelasticity to growing tissues. 
The constitutive equation associated with the thermoelastic analogy for bio-
logical growth has been analysed, offering insight into the relationship between 
the spatial distribution of the growth process and the nature and distribution 
of growth-induced stresses. The analysis also gives important insight into the 
stress-relaxation characteristics of anisotropic growth while pointing to some of 
its limitations. These insights have been exploited in a mathematical model of 
tumour vascular collapse, identifying nutrient profiles and an associated evolu-
tion of growth strains which are conducive to the experimentally-observed spatial 
patterns of collapsed tumour blood vessels. 
A theoretical framework for the study of residual stresses which makes explicit 
consideration of multiple tissue phases has also been presented. This formulation 
points to a crucial phenomenological aspect of tissue growth, illustrating that 
such a process must consist of a coordinated combination of the 'swelling' of the 
solid (cellular) phase due to the influx of extracellular fluid and the exchange of 
mass whereby extracellular fluid is incorporated into the solid phase. In this way, 
the framework represents a new class of mathematical models which extends the 
concepts of poroelasticity to accommodate continuous volumetric growth. 
Keywords: Tumour growth, vascular collapse, residual stress, growth dy-
namics, continuum mechanics, linear-elasticity, anisotropic growth, constitutive 
equations, mixture theory, poroelasticity, rational thermodynamics. 
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Chapter 1 
Introduction 
Vascular collapse is widely recognised by tumour biologists as a significant barrier 
to the therapeutic delivery of anti-cancer agents. Jain [18] explains that 'to reach 
cancer cells in a tumour, a blood-borne therapeutic molecule or cell must make 
its way into the blood vessels of the tumour and across the vessel wall into 
the interstitium, and finally migrate through the interstitium'. Thus, vascular 
collapse compromises the therapeutic efficacy of systemically-administered anti-
neoplastic agents by impeding their distribution through vascular space - the 
first in a series of three steps which must be accomplished successfully for the 
agents to destroy their target cells. 
The classic experiments reported by Goldacre and Sylven [11] in 1962 remain 
one of the most striking experimental manifestations of tumour vascular collapse. 
These investigators demonstrated that 'many tumours contain substantial regions 
which cannot readily be reached by blood-borne substances, and that these re-
gions contain living cells capable of starting tumours when transplanted into new 
hosts.' These inaccessible regions were mapped out by changing the colour of the 
systemic blood with a harmless green dye, producing a green shell of tissue around 
the tumour periphery, enclosing white centres containing necrotic foci. Further-
more, bright red blood was often observed in these central regions, highlighting 
1 
the fact that the tissue had been 'blocked-off' from the systemic circulation due 
to 'some kind of (vascular) collapse'. Another crucial observation was that 'the 
critical factor causing differences in the distribution of dye was mainly the age 
and to some extent the size of the tumours' [11]. While the younger tumours (up 
to about twelve days old in this particular study, corresponding to a diameter 
which was usually less than lOmm) were completely perfused with the dye, the 
two-layered pattern of green peripheries enclosing white centres prevailed beyond 
a critical age, illustrating that vascular collapse tends to occur after a critical 
period of growth. 
It is interesting to compare Goldacre and Sylven's report [11] with the more 
recent experiments by Leu et al. [20] in which functional lymphatics were detected 
only at the periphery of the tumours, the investigators arguing that the paucity of 
such vessels in the interior was due to the collapse and destruction of the vessels. 
Although extensive experimental evidence attests to an elevated interstitial 
fluid pressure [6, 7, 8, 15, 24] in tumours, this is unlikely to be responsible for 
vascular collapse since it is approximately equal to the microvascular pressure, as 
a result of the high vascular permeability of tumour blood vessels [6]. Moreover, 
should a pressure of sufficient magnitude be exerted by the surrounding host 
tissue as it resists the continuing expansion of the enclosed tumour, this would 
induce spatially-uniform vascular compression. Therefore, the distinctive spatial 
patterns of tumour vascular collapse are strongly suggestive of the presence of 
residual stresses a hypothesis which is pursued in the present work. 
It is important to recognise that while experimental approaches may attest to 
the existence of residual stresses and provide information about their distribution, 
the underlying mechanisms governing their genesis cannot be fully elucidated in 
the absence of mathematical modelling, owing to the fundamental role played by 
the incompatibility of growth strains in their formation. Mathematical analysis 
provides the key to identifying incompatible growth, and represents a tool for 
investigating the roles of a variety of phenomenological aspects of growing tissues 
2 
- nutrient profiles, growth-related density changes, stress-modulated cell pro-
liferation and apoptosis, geometric effects - in promoting incompatibilities and 
the associated residual stresses. Mathematics has the unique ability to bridge the 
chasm between the cellular and molecular levels on which most of our knowledge 
of tumour biology is accumulating, and macroscopically-observed processes. 
This thesis is a collection of papers concerned principally with the develop-
ment of theoretical tools for the study of residual stresses in growing tissues -
tools which, hitherto, have been lacking. Furthermore, it is the aim of this re-
search to develop both single phase and multiphase paradigms of residual stress 
formation. Single phase models, in considering only the cellular phase of the 
tissue, represent an excellent tool for studying the effects of the spatial non-
uniformity of the growth process, and are well suited to incorporating phenomeno-
logical relationships between growth and factors such as nutrient concentration 
and stress-modulated cell proliferation. Multiphase models, on the other hand, 
while considerably more detailed and complex, afford an exploration of many 
diverse aspects of tissue growth. In the case of vascular tumours, for example, 
interstitial fluid flow may be studied using these models, together with the asso-
ciated implications for extravasation and cellular uptake of blood-borne agents. 
This type of formulation also permits a consideration of the roles of relatively 
stiff tissue phases such as the extracellular matrix. 
An extensive review of the mathematical literature relating to solid tumour 
growth is presented in Chapter 2, encompassing the early work on diffusion in 
tissues by Hill [17] in the 1920s, the influential diffusion models by Burton [9], 
Greenspan [12, 13, 14] and McElwain and co-workers [22, 23] in the 1970s, the 
growth inhibition models of Adam and Maggelakis [1, 2, 3, 4, 5, 21] in the 1980s 
and the abundance of mathematical models proposed since 1990. These theoret-
ical studies are interwoven with the associated experimental work, showing the 
crucial relationship between experimental and theoretical developments which, 
together, have moulded our understanding of tumour growth and contributed to 
3 
current anti-cancer treatments. 
Chapter 3 presents a model of the residual stresses induced during the growth 
of an avascular tumour, modelling the growth process by analogy with thermal 
expansion. Importantly, the earlier work of Jones et al. [19] had illustrated 
that the combination of isotropic growth and linear-elasticity was unable to im-
part vital stress-relaxation characteristics to a growing tissue, thereby precluding 
a steady-state stress distribution when a tumour reaches its nutrient-regulated 
equilibrium size. This new model, on the other hand, demonstrates that this cru-
cial aspect of stress-relaxation may be accommodated in a simple linear-elastic 
description of tissue growth without recourse to more complex viscoelastic con-
stitutive principles by considering growth as an anisotropic process. Not only 
does this measure impart a pseudo-viscoelasticity to a growing tissue, but it is 
consistent with the experimental work of Helmlinger et al. [16] which attests to 
the anisotropic nature of spheroid growth. 
Chapter 4 analyses the constitutive law associated with the thermal expansion 
analogy, furnishing valuable insights into the relationship between the spatial non-
uniformity of the growth process and the nature and distribution of the induced 
residual stresses. In addition, it offers interesting insights into the manner in 
which the process of anisotropic growth bestows stress-relaxation, while pointing 
to some of its limitations. 
These insights are exploited in the mathematical model of vascular tumour 
growth presented in Chapter 5, proposing an initial nutrient profile (which reg-
ulates the growth process) which is shown to be conducive to vascular collapse 
in its experimentally-observed pattern. The growth-dynamics predicted by the 
model are also consistent with experimental observations, with an initial period 
of exponential growth followed by an exponential retardation. The model also 
highlights the roles of various tissue properties in inducing vascular collapse. 
Whereas the models presented in Chapters 3, 4 and 5 are based on single 
phase mechanics, where only the cellular phase is considered explicitly, Chapter 
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6 represents a foundation for the study of residual stresses in growing tissues 
using multiphase mechanics. Multiphase models consider the process of biologi-
cal growth in a more detailed way by incorporating exchanges of mass between 
phases. While various fluid multiphase models of growing tissues currently ex-
ist in the literature, it is essential to recognise that such mathematical models 
provide no basis for examining the genesis of residual stresses, which necessitates 
the inclusion of at least one solid phase. Furthermore, the multiphase models of 
growing tissues in the literature postulate constitutive equations without assess-
ing their thermodynamic validity. 
By contrast, in the present study, conservation equations which incorporate 
interphase mass exchange are derived from first principles, and thermodynam-
ically appropriate constitutive equations are deduced. This rigorous approach 
points to a crucial phenomenological aspect of tissue growth, demonstrating that 
such a process must consist of a coordinated combination of the 'swelling' of the 
solid (cellular) phase due to the influx of extracellular fluid and the exchange of 
mass whereby extracellular fluid is incorporated into the solid phase. In this way, 
the framework represents a new class of mathematical models which extends the 
concepts of poroelasticity to accommodate continuous volumetric growth. 
Detailed reviews of three key mathematical papers are presented in the Ap-
pendices, reproducing all mathematical details from first principles and gener-
ating numerical solutions. These three papers have provided a foundation for 
the present work. The work of Flaherty et al. [10] on the buckling of elastic 
tubes is presented in Appendix A, which may be used to consider the collapse 
of blood vessels exposed to an elevated external pressure. Appendices B and D 
review the mathematical models by Shannon and Rubinsky [25] and Jones et al. 
[19] respectively, which develop many of the concepts required for a linear-elastic 
description of a growing tumour. Appendix C presents an extension of the work 
of Shannon and Rubinsky [25] to consider the mechanical interactions between a 
tumour and the surrounding host tissue. 
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It is hoped that the novel mathematical models presented in this thesis will 
be extended further in future research and integrated into experimental investi-
gations. In the context of cancer research, experimental validation of the vascular 
collapse model presented in Chapter 4 would render it a powerful means by which 
an understanding of the underlying mechanisms of vascular collapse could be con-
verted into a predictive tool. In this way, the model may enable the potential 
benefits of various different anti-cancer therapies, or combinations of therapies, 
to be assessed, and may prove useful in proposing novel anti-cancer therapies. 
It is noted in closing that the mathematical models presented in the present 
thesis will be beneficial to many other areas of biology and physiology where 
growth or remodelling occur, such as embryology and developmental biology, 
wound healing and scar formation, and the inchoate areas of tissue engineering 
and organ printing. 
6 
Bibliography 
[1] J.A. Adam. A simplified mathematical model of tumor growth. Math. 
Biosci., 81:229-244, 1986. 
[2] J .A. Adam. A mathematical model of tumor growth. ii. effects of geometry 
and spatial uniformity on stability. Math. Biosci., 86:183-211, 1987. 
[3] J .A. Adam. A mathematical model of tumor growth. iii. comparison with 
experiment. Math. Biosci., 86:213-227, 1987. 
[4] J.A. Adam and S.A. Maggelakis. Mathematical models of tumor growth. iv. 
effects of a necrotic core. Math. Biosci., 97:121-136, 1989. 
[5] J .A. Adam and S.A. Maggelakis. Diffusion regulated characteristics of 
a spherical prevascular carcinoma. Bulletin of Mathematical Biology, 
52(4):549-582, 1990. 
[6] Y. Boucher and R.K. Jain. Microvascular pressure is the principal driving 
force for interstitial hypertension in solid tumors: implications for vascular 
collapse. Cancer Research, 52:5110-5114, 1992. 
[7] Y. Boucher, J.M. Kirkwoord, D. Opacic, M. Desantis, and R.K. Jain. Inter-
stitial hypertension in superficial metastatic melanomas in humans. Cancer 
Res., 51:6691-6694, 1991. 
[8] Y. Boucher, M. Leunig, and R.K. Jain. Tumor angiogenesis and interstitial 
hypertension. Cancer Research, 56:4264-4266, 1996. 
7 
[9] A.C. Burton. Rate of growth of solid tumours as a problem of diffusion. 
Growth, 30:157-176, 1966. 
[10] J.E. Flaherty, J.B. Keller, and S.I. Rubinow. Post buckling behaviour of 
elastic tubes and rings with opposite sides in contact. SIAM Journal of 
Applied Mathematics, 23(4):446-455, 1972. 
[11] R.J. Goldacre and B. Sylven. On the access of blood-borne dyes to various 
tumour regions. British Journal of Cancer, 16(2):306-321, 1962. 
[12] H.P. Greenspan. Models for the growth of a solid tumor by diffusion. Stud. 
Appl. Math., 52:317-340, 1972. 
[13] H.P. Greenspan. On the self-inhibited growth of cell cultures. Growth, 38:81-
95, 1974. 
[14] H.P. Greenspan. On the growth and stability of cell cultures and solid tu-
mors. J. theor. Biol., 56:229-242, 1976. 
[15] R. Gutmann, M. Leunig, J. Feyh, A.E. Goetz, K. Messmer, E. Kastenbauer, 
and R.K. Jain. Interstitial hypertension in head and neck tumors in patients: 
correlation with tumor size. Cancer Res., 52:1993-1995, 1992. 
[16] G. Helmlinger, P.A. Netti, H.D. Lichtenbeld, R.J. Melder, and R.K. Jain. 
Solid stress inhibits the growth of multicellular tumour spheroids. Nature 
Biotechnology, 15(August):778-783, 1997. 
[17] A.V. Hill. The diffusion of oxygen and lactic acid through tissues. Roy. Soc. 
Proc. B., 104:39-96, 1928. 
[18] R.K. Jain. Delivery of molecular and cellular medicine to solid tumors. Adv. 
Drug Deliver. Rev., 26:71-90, 1997. 
8 
[19] A.F. Jones, H.M. Byrne, J.S. Gibson, and J.W. Dold. A mathematical 
model of the stress induced during avascular tumour growth. Journal of 
Mathematical Biology, 40:473-499, 2000. 
[20] A.J. Leu, D.A. Berk, A. Lymboussaki, K. Alitalo, and R.K. Jain. Absence of 
functional lymphatics within a murine sarcoma: a molecular and functional 
evaluation. Cancer Research, 60:4324-4327, 2000. 
[21] S.A. Maggelakis and J.A. Adam. Mathematical model ofprevascular growth 
of a spherical carcinoma. Math. Comput. Model., 13:23-38, 1990. 
[22] D.L.S. McElwain and L.E. Morris. Apoptosis as a volume loss mechanism 
in mathematical models of solid tumor growth. Mathematical Biosciences, 
39:147-157, 1978. 
[23] D.L.S. McElwain and P.J. Ponzo. A model for the growth of a solid tumor 
with non-uniform oxygen consumption. Mathematical Biosciences, 35:267-
279, 1977. 
[24] P.A. Netti, L.T. Baxter, Y. Boucher, R. Skalak, and R.K. Jain. Time-
dependent behavior of interstitial fluid pressure in solid tumors: implications 
for drug delivery. Cancer Research, 55:5451-5458, 1995. 
[25] M.A. Shannon and B. Rubinsky. The effect of tumour growth on the 
stress distribution in tissue. Advances in Biological Heat and Mass Transfer, 
231:35-38, 1992. 
9 
10 
Chapter 2 
A History of the Study of Solid 
Tumour Growth: The 
Contribution of Mathematical 
Modelling 
A Paper Accepted for Publication in the Bulletin of Mathematical 
Biology. 
Statement of Joint Authorship 
R. P. Araujo (Candidate): Conducted a thorough search of the experimental and theoretical 
literature relating to solid tumour growth, reviewed all papers discussed in the paper, 
and wrote and proof read the manuscript. 
D. L. S. McElwain : Provided some of the publications reviewed in the paper, and proof 
read the manuscript. 
11 
Abstract 
A miscellany of new strategies, experimental techniques and theoretical approaches 
are emerging in the ongoing battle against cancer. Nevertheless, as new, ground-
breaking discoveries relating to many and diverse areas of cancer research are 
made, scientists often have recourse to mathematical modelling in order to elu-
cidate and interpret these experimental findings. Indeed, experimentalists and 
clinicians alike are becoming increasingly aware of the possibilities afforded by 
mathematical modelling, recognising that current medical techniques and ex-
perimental approaches are often unable to distinguish between various possible 
mechanisms underlying important aspects of tumour development. 
This short treatise presents a concise history of the study of solid tumour 
growth, illustrating the development of mathematical approaches from the early 
decades of the twentieth century to the present time. Most importantly these 
mathematical investigations are interwoven with the associated experimental 
work, showing the crucial relationship between experimental and theoretical ap-
proaches, which together have moulded our understanding of tumour growth and 
contributed to current anti-cancer treatments. 
Thus, a selection of mathematical publications, including the influential the-
oretical studies by Burton, Greenspan, Liotta et al., McElwain and co-workers, 
Adam and Maggelakis, and Byrne and co-workers are juxtaposed with the seminal 
experimental findings of Gray et al. on oxygenation and radiosensitivity, Folk-
man on angiogenesis, Dorie et al. on cell migration and a wide variety of other 
crucial discoveries. In this way the development of this field of research through 
the interactions of these different approaches is illuminated, demonstrating the 
origins of our current understanding of the disease. 
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2.1 Introduction 
It has been stated recently that 'cancer is now poised to overtake heart disease 
as the major cause of premature death in the Western World' [54]. Indeed, 
a recent report on worldwide cancer rates by the World Health Organization's 
International Agency for Research on Cancer (IARC) [233] illustrates that North 
America leads the world in the rate of cancers diagnosed in adults, followed 
closely by Western Europe and Australia and New Zealand. In 1994 in Britain, 
for example, one in three were expected to develop the disease over their lifetimes 
[1], with a likely increase to one in two by 2010 based on the trends at that 
time [225]. Similarly, a recent publication of the Australian Institute of Health 
and Welfare [218] explains that 'at the incidence rates prevailing in 1999 (in 
Australia), it would be expected that one in three men and one in four women 
would be directly affected by cancer in the first 75 years of life. Further, an 
estimated 254,000 potential years of life would be lost to the community each 
year as a result of people dying of cancer before the age of 75. Cancer currently 
accounts for 29% of male deaths and 25% of female deaths.' 
Reflecting on the seriousness of this disease, Perumpanani [225] remarks that 
'the research community has taken on the challenge posed by cancer on a war 
footing and this has resulted in recent years in an explosion in our understanding 
of cancer.' Interestingly, Alberts et al. [12] observe that 'the emphasis given to 
cancer research has profoundly benefited a much wider area of medical knowledge 
than that of cancer alone', explaining that 'the effort to combat cancer has driven 
many fundamental discoveries in cell biology'. 
Nevertheless, the study of cancer is not new. Porter [236] claims that 'breast 
cancer operations date back to antiquity', giving the example of Aetius of Amida 
who 'had emphasized that the knife should cut healthy tissue around a tumour 
and that a cauterizing-iron should stanch the blood'. In a treatise on the history 
of breast cancer, Olson [219] further explains that 'medical practitioners the world 
13 
over, today and eons ago, have struggled with the disease. Egyptians of the New 
Kingdom- more than 3,500 years ago- were the first'. Indeed, Ward [288] 
asserts that 'it is clear from various texts of ancient Greece, Egypt and Rome that 
the early physicians were well aware of the nature of cancer and were capable of 
making a correct diagnosis and performing successful therapy.' 
Clearly the study of tumour growth and the development of anti-cancer thera-
pies are most worthwhile pursuits, having significant potential to enhance quality 
of life and increase life-expectancies, which may, in turn, yield considerable eco-
nomic and social benefits. 
Notwithstanding recent advances, Gatenby [110] explains that 'recent research 
in tumour biology, particularly that using new techniques from molecular biology, 
has produced information at an explosive pace. Yet a conceptual framework 
within which all these new (and old) data can be fitted is lacking.' Gatenby and 
Maini [114] add that 'clinical oncologists and tumour biologists possess virtually 
no comprehensive theoretical model to serve as a framework for understanding, 
organizing and applying these data' noting the necessity to ' (develop) mechanistic 
models that provide real insights into critical parameters that control system 
dynamics.' Murray [212] concurs, asserting that 'the goal is to develop models 
which capture the essence of various interactions allowing their outcome to be 
more fully understood.' 
Indeed, Byrne [54] asserts that 'in order to develop effective treatments, it 
is important to identify the mechanisms controlling cancer growth, how they 
interact, and how they can most easily be manipulated to eradicate (or manage) 
the disease. In order to gain such insight, it is usually necessary to perform large 
numbers of time-consuming and intricate experiments - but not always. Through 
the development and solution of mathematical models that describe different 
aspects of solid tumour growth, applied mathematics has the potential to prevent 
excessive experimentation and also to provide biologists with complementary and 
valuable insight into the mechanisms that may control the development of solid 
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tumours.' 
Moreover, experimentalists and clinicians are becoming increasingly aware of 
the role of mathematical modelling as a new way forward, recognising that current 
medical techniques and experimental approaches are often unable to distinguish 
between various possible mechanisms underlying important aspects of tumour 
growth [163]. 
The present paper reviews of some of the important mathematical contri-
butions to the study of solid tumour growth. Owing to the enormous body of 
theoretical and experimental publications devoted to solid tumour growth in the 
literature, however, no such review could be comprehensive. Nevertheless, it 
provides a concise history of the study of tumour growth, discussing some of 
the most influential mathematical models and their relationship to experimen-
tal studies, and illustrating how the field of cancer research has evolved due to 
these interactions between theoretical and experimental approaches. While the 
emphasis is primarily on deterministic models, some significant papers which 
employ stochastic approaches are also noted. Section 2.2 presents some of the 
earliest mathematical contributions to the study of solid tumours, beginning with 
Hill's study of diffusion in tissues [136], and leading to Burton's often-cited pa-
per on tumour growth dynamics as a diffusion problem [50]. Section 2.3 discusses 
some early theoretical approaches to the study of avascular tumours and multicell 
spheroids in the wake of Folkman's important discoveries relating to angiogenesis 
and a prevascular stage of tumour development. Liotta and co-workers' seminal 
contributions to the theoretical study of tumour invasion and metastasis in the 
1970s [179, 180, 182, 183, 247] are presented in Section 2.4. The development of 
mathematical approaches in the 1980s is discussed in Section 2.5, emphasizing 
the prominent role of the studies by Adam and Maggelakis [3, 4, 5, 8, 9, 191]. Sec-
tion 2.6 gives an overview of the enormous body of mathematical papers on solid 
tumour growth published in the 1990s, including those relating to cell migration 
in multicell spheroids and tumour cords (Section 2.6.1), multiphase models (Sec-
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tion 2.6.2), mechanical models and models of residual stress formation (Section 
2.6.3), models of invasion and metastasis (Section 2.6.4) and models of avascular 
(Section 2.6.5) and vascular (Section 2.6.6) tumour growth. 
2.2 The Early Models of Tumour Growth by 
Diffusion: Hill to Burton 
While not applied specifically to the study of neoplastic tissues, some of the early 
work on diffusion in tissues by Hill [136] in 1928 set the scene for many later 
mathematical models of solid tumours. Hill understood that 'the diffusion of 
dissolved substances through cells and tissues is a determining factor in many vital 
processes,' and used mathematical approaches to study a number of important 
physiological processes such as the diffusion of oxygen into a solid where it is 
consumed by metabolic processes, the outward diffusion of lactic acid from a 
solid which produces it by metabolic processes and the diffusion of oxygen away 
from a blood vessel into a region with an oxygen debt. 
While diffusion processes would later become an important part of tumour 
models, the earliest mathematical studies of solid tumours focussed purely on 
growth dynamics. Mayneord [196], for example, conducted experiments on the 
effects of X-radiations on the growth of Jensen's rat sarcoma in 1932 and no-
ticed that in the final stages of growth the tumours grew linearly with time, an 
observation corroborated by the study of spontaneous carcinomas of the mouse 
reported by Haddow [129] some six years later. The rate of a tumour's growth was 
of significant interest at the time since, as Mayneord [196] explained, 'the mere 
disappearance or continued growth of the tumours after irradiation afforded a 
very inadequate criterion of the effect of the radiations.' Since histological exam-
ination revealed that active growth was restricted to a thin shell at the periphery 
of the tumour, Mayneord developed a mathematical model which investigated 
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the effect of different distributions of actively dividing cells. This illustrated that 
when the entire tissue volume was growing exponential growth was expected, 
with the growth rate gradually reducing as the region of active growth was pro-
gressively restricted to an outer shell of tissue of decreasing thickness, ultimately 
arriving at a linear growth rate. 
As experimental studies on radiotherapy continued, many researchers became 
interested in the role of the hypoxic tumour cell in the radio-sensitivity of tu-
mours, beginning with the irradiation studies of tumour slices in vitro by Cramer 
[75] and the in vivo studies on tar warts by Mottram [207], culminating in an 
influential paper by Gray et al. [119], which first led clinicians to attempt radio-
therapy at increased oxygen pressures. 
In 1955 Thomlinson and Gray [276] proposed a mathematical model of the 
diffusion and consumption of oxygen to supplement an experimental investigation 
of some types of bronchial carcinomata which grow in solid rods which 'are de-
void of capillaries and which comprise cells nourished by diffusion of metabolites 
inwards from the immediately surrounding stroma'. Large tumours of this kind 
often consist of necrotic centres surrounded by 'intact tumour cells which appear 
as rings'. Recognising that 'there must exist a falling gradient in oxygen tension 
between the periphery and the centre of each tumour cord' and that 'cells which 
are anoxic at the time of irradiation are generally much less damaged by a given 
dose of X- or ')'-radiation than those which are well oxygenated', the investigators 
appealed to some of the theory developed by Hill [136] to estimate the critical 
value of the tumour cord's outer radius for which the concentration of oxygen just 
reaches zero at the centre. Interestingly, the model showed that 'the scale of the 
observed histological pattern is of the order to be expected if the supply of oxy-
gen were the limiting factor which determines the onset of necrosis', although the 
investigators cautiously added that 'this numerical agreement is not advanced as 
evidence that the cells at the centre in fact die through lack of oxygen', conceding 
that the role of katabolites had not been considered. 
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It was Burton [50], however, who developed a diffusion model which examined 
both the distribution of oxygen in a spherical tumour 'where the blood supply 
is completely confined to the surface' and the resulting 'relative radius of the 
central zone to the total radius', which was then used to explain how the growth 
curve could fit a Gompertzian expression. 
The Gompertzian equation originated from the actuarial model developed by 
Gompertz [118] in 1825, which was applied to the study of growth in biological 
and economic contexts in 1932 by Winsor [300]. Laird et al. [169] showed that 
the Gompertzian equation could describe the normal growth of an organism such 
as the guinea pig over an incredible 10,000-fold range of growth because of the 
equation's ability to exhibit exponential retardation- a feature not incorporated 
in other growth equations used in biological contexts at that time such as the 
allometry equation [142], the monomolecular equation [46, 286], and the logistic 
equation [243]. In addition to using the Gompertzian equation to examine normal 
growth [168], Laird [167] illustrated that the growth of a variety of primary and 
transplanted tumours of the mouse, rat and rabbit could be described very well 
by the Gompertzian relation. 
Several explanations had been advanced for the underlying mechanism of 
this exponential retardation in tumour growth rates. While Laird [167] argued 
that 'considering the data available at the present time, it seems likely that the 
observed deceleration of tumour growth is due at least in part to an actual increase 
in the mean generation time during tumour growth', Mayneord [196] had shown 
that such a retardation could be achieved by the formation of a necrotic region 
in the centre of a tumour, gradually reducing the region of active growth to a 
thin shell at the tumour surface. Burton [50] favoured Mayneord's explanation, 
modelling the effects of a diminishing growth fraction, while the mitotic rate 
of viable cells remained a constant. In addition, appealing to the experimental 
work by Stainsby and Otis [261] and Chance [64], the oxygen consumption per 
unit volume was considered independent of oxygen tension except below a critical 
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oxygen tension for necrosis where oxygen consumption ceased. In proposing a 
mechanistic basis for the growth dynamics of the tumour in this way, Burton 
was also able to overcome the limitations of the Gompertzian relation, predicting 
growth which closely resembles Gompertzian growth over the 100 to 1000-fold 
range of tumour volumes, but ultimately yielding the experimentally-observed 
linear growth. 
2.3 Early Models of Avascular Tumours and Mul-
ticell Spheroids 
The seminal work on tumour angiogenesis by Folkman [96] arose from the discov-
ery of dormant avascular tumour nodules in vivo. Greene [120] had observed that 
the growth of tumour fragments implanted in the anterior chamber of the guinea 
pig eye ceased because of their inability to acquire a vasculature. Folkman et al. 
[97] also discovered that tumours implanted in isolated perfused organs could not 
grow beyond a diameter of three to four millimetres, and observed that neovascu-
larisation of tumour tissue in in vitro organ cultures was imperative in sponsoring 
continued growth [115]. Folkman and Hochberg [98] were soon able to show that 
'cells when removed from a plane surface and forced to grow in three dimensions 
in spheroidal or ellipsoidal population, will not expand beyond a critical diameter 
and cell number, regardless of how often new medium is provided or how much 
open space is made available'. Indeed, several groups of investigators, such as 
Sutherland et al. [266], had begun to grow multicell spheroids in suspension as 
an experimental model for the study of in vivo nodular carcinomas, a technique 
which would also be employed by later investigators to study micrometastases 
and intervascular microregions of larger tumours [264]. 
The emerging interest in both the avascular nodules which precede angiogen-
esis as well as the multicell spheroid model encouraged various new approaches to 
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the mathematical modelling of solid tumours. (Angiogenesis is, itself, the subject 
of considerable attention by mathematicians, and will not be addressed further 
in the present review. See Mantzaris et al. [192] for an excellent recent review of 
the mathematical modelling of tumour-induced angiogenesis.) 
Greenspan [121] extended the models by Burton [50] and Thomlinson and 
Gray [276] by introducing a surface tension among the living cancer cells in 
order to maintain a compact, solid mass, and by assuming that 'necrotic cellular 
debris continually disintegrates into simpler chemical compounds that are freely 
permeable through cell membranes'. In this way, the tissue volume loss due to 
necrosis would be replaced by the inward motion of cells from the outer region 
as a result of the forces of adhesion and surface tension, thereby explaining the 
existence of a steady-state tumour size. Noting the finding by Sutherland et 
al. [266] that the mitotic index of proliferating cells tended to decrease with 
distance from the spheroid surface once the aggregate had reached a critical 
diameter, Greenspan also assumed that 'a chemical is produced somewhere within 
the tumour which inhibits the mitosis of cancer cells without causing their death' 
once the concentration of the chemical reaches a critical level. These effects 
were combined in an integra-differential equation for the evolution of the tumour 
radius, and a reaction-diffusion equation for both the concentration of nutrient 
and that of the inhibitor. 
Two different possibilities were then considered separately. While the first 
model assumed that the chemical inhibitor was a result of inadequate nutrient 
supply and a product of necrosis, the second model assumed that the inhibitor was 
produced purely by the metabolic processes of living cells, with no katabolites 
associated with necrosis. Qualitatively, the two models predicted some overall 
similarities in the development of the spheroid, with three distinct growth phases: 
an initial exponential growth phase, followed by some degree of retardation, cul-
minating in a final phase where retardation by both mitotic inhibition and cell 
death ultimately gave rise to dormancy. Nevertheless, each of the two models 
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predicted a distinctly different growth pattern prior to arriving at a steady-state, 
an outcome which Greenspan hoped would allow future experiments to distin-
guish between the two possible sources of growth inhibition. Regrettably, no 
such experimental work appears to have been undertaken. Greenspan [122] later 
published a note which studied a problem of one-dimensional growth incorpo-
rating all the important phenomena considered in previous mathematical models 
[50, 121], in which it was emphasized that the model could allow the primary 
source of growth inhibition to be determined from a histological examination of 
the steady-state cell population. 
Glass [116] was also interested in the role of growth inhibitors in tumour de-
velopment, developing a mathematical model which predicted patterns of mitotic 
activity in a growing tumour. This mathematical study was primarily motivated 
by experimental evidence documented by Weiss [297], Osgood [221] and Bul-
lough [48] which suggested that 'control of cellular replication in a number of 
mammalian tissues is at least partially determined by a negative feedback from 
the tissue itself' caused by mitotic inhibitors called chalones. Importantly, Bul-
lough and Deol [48, 49] believed that a breakdown in the normal functioning of 
this chalone mechanism may be responsible for the uncontrolled tissue growth 
in at least some cancers. Glass therefore developed a simple one-dimensional 
schematic model which described the patterns of mitotic activity in a growing 
tumour. Chalones were assumed to be produced uniformly throughout the tis-
sue, which then diffused beyond the tissue boundaries, and decayed. A key 
modelling assumption was the regulation of growth by a 'switch mechanism', 
where mitosis occurred below a critical value of chalone concentration, and was 
completely inhibited above this value. In contrast to Greenspan's work [121], 
no volume loss mechanism such as necrosis was considered, and 'stable tissue 
growth' was assumed to occur when the chalone concentration was less than the 
mitotic threshold throughout the tissue. 
Shymko and Glass [255] extended this model to two and three dimensions, 
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attempting to determine the effect of different geometries on the pattern and sta-
bility of growth, noting the work of Folkman and Hochberg [98] which illustrated 
that tissues cultured in a spheroidal geometry exhibit self-limiting growth while 
exhibiting unlimited growth as a monolayer. 
Greenspan [123] also extended his own modelling framework to consider the 
stability to asymmetric perturbations of the spherical shape of an equilibrium-size 
tumour, being mindful of the experiments by Sutherland et al. [266] where some 
cell aggregates distintegrated at a certain stage of development. As in earlier work 
[121], this formulation considered a thin proliferating layer near the surface and 
a large, central necrotic core, where 'the birth or death of cells produces internal 
pressure differentials which cause the motion of cellular material'. In defining the 
solutions of the modelling equations for pressure, nutrient concentration and the 
radius of the outer boundary as the 'basic state of motion', perturbations from this 
basic state were considered, with the main result that an aggregate becomes less 
stable as its size increases, where a function of two model parameters (relating to 
surface tension, external nutrient concentration, rate of necrotic volume loss and 
rates of proliferation and nutrient consumption) determines whether or not the 
aggregate arrives at a steady-state before instability to asymmetric perturbations 
prevails. 
The work of Burton and Greenspan was soon extended by Deakin [84]. Al-
though these earlier authors had assumed that the oxygen consumption per unit 
volume per unit time by the cells was constant, Deakin argued that this be-
haviour contradicted the experimental evidence presented by Sutherland and 
Durand [265] which demonstrated that the viable rim thickness decreases rel-
atively slowly following the onset of necrosis - an observation which was in-
consistent with previous model predictions. Appealing to the experimental find-
ings of Froese [102], Deakin then extended the formulations of Burton [50] and 
Greenspan [121, 122] to incorporate an oxygen consumption which was propor-
tional to oxygen concentration within critical limits. Beyond an upper critical 
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value of oxygen concentration, oxygen consumption was considered a constant, 
while necrosis occurred at a lower critical value below which no oxygen would be 
consumed. 
Whereas Deakin's study was restricted to the effect of the non-uniformity 
of oxygen consumption on the viable rim thickness, McElwain and Ponzo [202] 
developed a model which investigated the effect of this non-uniformity on a tu-
mour's growth rate, a model which- like Greenspan's model [121] -produced 
three distinct phases in the tumour's development. In the first phase, oxygen con-
centration is above the upper critical value everywhere, so that all cells consume 
oxygen at a uniform rate, giving rise to exponential growth. The growth rate re-
duces in the second phase as oxygen concentration reduces in the central region, 
with an associated decrease in the effective proliferation rate and a slowing in 
the overall growth. In the final phase, the tumour reaches a viable dormant state 
with an outer proliferating layer, an intermediate layer where overall proliferation 
is reduced and an inner necrotic core. Significantly, the growth pattern displayed 
a significant difference from that predicted by Greenspan's model [121], where in 
some cases, the necrotic core was larger than the outer tumour radius predicted 
by Greenspan. 
Another important aspect of Sutherland and Durand's [265] experiments was 
the observation that multicell spheroids could reach a dormant size without central 
necrosis a result which seemed to suggest a cell loss mechanism other than that 
postulated by Greenspan [121]. Further, Durand [91] had detected only a small 
number of labelled nuclei in the necrotic core of a spheroid which had undergone 
continuous labelling with tritiated thymidine, which clearly pointed to other cell 
loss mechanisms even when central necrosis did occur. McElwain and Morris [200] 
incorporated these experimental findings in a new mathematical model, heeding 
the publications by Kerr et al. [155, 157] which demonstrated that apoptosis 
'can always be detected in malignant neoplasms'. In this way, previous models 
were extended to include a constant cell loss rate in the entire viable region, 
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with the consequence that a dormant state could be reached with or without a 
central necrotic region. In considering apoptosis as a cell loss mechanism, the 
model by McElwain and Morris [200] is an antecedent to much of the subsequent 
mathematical literature relating to tumour development. 
Various stochastic models of solid tumour growth also appeared in the liter-
ature in parallel with the aforementioned publications. While these will not be 
reviewed in detail in the present paper, it is important to note that 'since random 
fluctuations are fundamental to almost all biologic phenomena and particularly 
so in population processes, the probabilistic or stochastic aspect of evolving pop-
ulations is essential whenever one considers populations whose size may assume 
small values. The behaviour of small populations is predominantly statistical, 
and the random component of the growth kinetics of a population, such as ex-
hibited in the spontaneous extinction in even supercritical growth, may indeed 
become more important than the average behaviour' [298]. The interested reader 
is referred to the papers by Wette et al. [298, 299] for further insight into the 
early stochastic models of solid tumour growth. 
2.4 Early Models of Tumour Invasion and Metas-
tasis: Liotta et al. 
As explained by Ruoslahti [245], 'metastasis, the spread of cancer to distance 
sites in the body, is in fact what makes cancer so lethal. A surgeon can remove 
a primary tumour relatively easily, but a cancer that has metastasized usually 
reaches so many places that cure by surgery alone becomes impossible. For that 
reason, metastasis and the invasion of normal tissue by cancer cells are the hall-
marks of malignancy'. In citing the examples of axillary lymph node removal 
during mastectomy operations by both Marcus Aurelius Severinus in 1632 and 
Fabricius Hildanus in 1646, Weiss [297] argues that 'before the basic relationship 
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of metastasis to the primary tumour was recognized, its clinical significance was 
appreciated'. Kleinerman and Liotta [160] claim that the concept of haematoge-
nous tumour cell release as a consequence of vascular invasion was first proposed 
in the 1800s, with Cruveilhier's work [77] in associating primary tumour invasion 
of local blood vessels with the development of remote metastases, and the later 
work by Lomer [186] which recognised the role of circulating free tumour cells in 
initiating metastases. 
Although the study of solid tumour growth had enjoyed considerable pop-
ularity among mathematicians, beginning in the early decades of the twentieth 
century, few insights had been gleaned into 'the factors that determine the onset, 
mechanism and time course of tumour cell release' [160]. Indeed, it was not until 
the 1970s that quantitative experimental work and mathematical models were 
proposed to elucidate the dynamics of the metastatic process. An experimental 
model was first developed by Liotta et al. [179] 'to quantify some of the ma-
jor processes initiated by tumour transplantation and culminating in pulmonary 
metastases', by investigating the entry rate of tumour cells into the circulation. 
The experiments featured a transplantable murine fibrosarcoma- chosen chiefly 
because of its high haematogenous metastatic propensity and reproducible bio-
logical behaviour- which was perfused with an oxygenated, cell-free medium, 
enabling single tumour cells and tumour cell clumps to be counted from the ve-
nous effluent. The study demonstrated the presence of tumour cells (both singly 
and in clumps) in the perfusate shortly after the appearance of the tumour vas-
cular network, with the concentration of tumour cells increasing quite rapidly ini-
tially, and later diminishing. In a later study, Liotta et al. [181] confirmed these 
observations, while highlighting the importance of clump size in the metastatic 
process, since 'larger clumps produce significantly more metastatic foci than do 
smaller clumps matched for the number of cells'. 
Several mathematical papers were published in the wake of these key exper-
imental studies. Saidel et al. [247] proposed a lumped-parameter, determinis-
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tic model of the haematogenous metastatic process from a solid tumour, which 
provided a general theoretical framework for analysis and simulation. As a com-
partmental model, five sub-populations were considered- tumour cells, vascular 
surfaces, invading tumour cells on the inner vessel surface, viable tumour cells ar-
rested in pulmonary vessels and pulmonary metastatic foci- thereby providing 
an overall description of the metastatic process and allowing the relative impor-
tance and effective timing of the various steps to be assessed. Among the salient 
features of the model were the assumption of a Michaelis-Menten form for the 
processes of tumour cell proliferation and vessel surface formation, which presup-
poses a limit to both the level of tumour growth stimulation induced by more 
extensive vascularisation (based on the observations by Tannock [273]) and the 
level of induced vascular stimulation. Numerical solution of the resulting suite of 
five ordinary differential equations yielded results which were in excellent agree-
ment with their experimental counterparts [179]. In addition, the investigators 
considered the effects of various perturbations on the metastatic process- for ex-
ample, tumour trauma by either external mechanical massage or by intratumour 
injection of a saline bolus - to validate the model's behaviour. It is notewor-
thy that the study corroborated previous findings where showers of circulating 
tumour cells appeared following tumour manipulation either during operation or 
in the course of diagnostic procedures [281], since the authors noted that 'in our 
perfusions tumour massage resulted in a shower of effluent tumour cells resulting 
in a 10-20-fold higher concentration over control levels'. (This phenomenon was 
also observed in the authors' previous experimental study [179], where 'tumour 
massage (resulted in) at least a 10-fold rise over the initial concentration of tu-
mour cells, as well as a higher proportion of large clumps'). Furthermore, one of 
the most outstanding aspects of the mathematical model is its ability to distin-
guish between various mechanisms by which tumour trauma influences the release 
of circulating tumour cells, illustrating that trauma alone causes metastases to 
appear earlier without increasing the total number of metastases, whereas when 
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trauma increases the dislodgment rate and damages the vessel walls, 'metastases 
increase more rapidly and are always greater in number than in the unperturbed 
state'. 
A stochastic model of metastases formation was then proposed by Liotta et 
al. [183] to complement this mathematical model in order to distinguish amongst 
tumour clump sizes and the random variation of the populations of clumps and 
metastatic foci. The authors argued that while great quantities of tumour cells are 
released into the circulation, less than 0.1 percent survive to form metastatic foci 
[124, 161], making a stochastic description of metastases formation an appropriate 
modelling framework. In this way, a non-homogeneous, two-dimensional Markov 
process was intended to 'provide a framework for predicting the development 
of metastatic foci from clumps in the pulmonary vessels and the probability of 
no metastatic foci existing after tumour initiation'. Simulation of the dynamics 
of the metastatic process was then accomplished by combining the numerical 
solution of the deterministic model by Saidel et al. [247] with the analytical 
stochastic model, giving good agreement with experimental data for the mean 
and variance of macroscopic metastatic foci. 
The mathematical framework by Saidel et al. [247] was also extended by Li-
otta et al. [182] in a diffusion model which attempted to elucidate experimental 
data describing temporal changes in tumour cell and blood vessel radial distribu-
tions in a host-tissue field transplanted with a fibrosarcoma. Coupled diffusion 
equations with source and sink terms were proposed in spherical polar coordinates 
(with spherical symmetry) to describe the density of both the tumour cells as well 
as the surface area of tumour vessels as functions of time and radial position. In 
the accompanying experiments, which built on the foundation outlined in [179], 
tumours were examined on a sequence of days after implantation to determine 
the average radial distribution of tumour cells and tumour vessel surface area 
as functions of time. Notwithstanding the emphasis on infiltrative, malignant 
tumours, it may be argued that the underlying mathematical framework, in con-
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sidering tumour expansion and vessel migration as purely diffusion processes, is 
a little limited. Indeed, when very small values of the vascular proliferation rate 
parameter are assumed, the model equations predict that blood vessels simply dif-
fuse passively into the tumour without any mitogenic stimulation. Nevertheless, 
in certain parameter regimes, the results of the mathematical model reflect the 
overall experimental observations quite well, possessing the major trends found 
in the experimental data, with a peak in the density of blood vessels occurring 
at the tumour cell migration front, and the peak in tumour cell density moving 
away from the tumour centre over time. 
Liotta and co-workers also published some theoretical work on micrometasta-
sis therapy [184] and quantitating tumour cell removal and tumour cell-invasive 
capacity [178]. 
2.5 Mathematical Approaches to Tumour Growth 
in the 1980s: Adam and Maggelakis 
The mathematical models of Adam [3, 4, 5, 6], Adam and Maggelakis [8, 9, 191] 
and Landry et al. [172] featured prominently in the mathematical literature 
pertaining to solid tumour growth published in the 1980s. 
Like Glass [116, 255], Adam [3] had noted the important experimental findings 
on the role of growth inhibitors in tumour development published several decades 
earlier [48, 49, 297]. While Glass had assumed that regulation of growth occurred 
by a discontinuous switch mechanism for the control of mitotic activity with 
a spatially-uniform production of inhibitor, Adam maintained that a spatially-
dependent mitotic control function best reflected experimental observations and 
warranted further theoretical study. Thus, it was the object of Adam's study [3] 
to examine the sensitivity of Glass's model [116] to spatially non-uniform inhibitor 
production, assuming a linearly decreasing function of distance from the tissue 
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centre. To permit a direct comparison between the models, Adam adopted the 
dimensionless variable, n, defined by Glass to delineate the conditions of stable 
tumour growth (a variable which related to the critical concentration of inhibitor 
for growth inhibition and the rates of inhibitor production and decay) as well as 
much of the schematic nature of Glass's formulation, with no consideration of a 
necrotic region, and no identification of internal boundaries. In this respect, then, 
the model represented an intermediate modelling framework between Glass's first 
model [116] and Greenspan's one dimensional model [122]. 
In contrast to the work of Glass [116], this new model predicted that for a given 
value of the critical dimensionless variable, n0 , a finite range of stable tissue sizes 
exists, which increases monotonically with the value of the dimensionless variable. 
Qualitatively, then, the model demonstrated the sensitivity of the growth of the 
tissue to a non-uniform source of inhibitor. 
Recognising the importance of considering more realistic geometries to facil-
itate comparison with relevant experimental studies, Adam soon extended this 
simple model to investigate the roles of both non-uniform mitotic inhibition and 
geometry on the stability of growth [4]. Three basic geometric configurations 
were considered in order to provide a comparison with the work of Shymko and 
Glass [255]: a thin cylindrical tube where inhibitor concentration depended only 
on the axial distance from the centre of the tube, a thin cylindrical disc where 
inhibitor concentration depended only on the radial distance from the centre of 
the disc, and a sphere where the inhibitor concentration depended only on the 
radial distance from the centre of the sphere. Notwithstanding the similar qual-
itative results for the three configurations, each geometry gave rise to a distinct 
relationship between the limiting size of the stable tissue and the dimensionless 
variable, n, illustrating that geometry is also able to affect the stability of growth. 
A comparison of these model predictions with the experimental results of 
Folkman and Hochberg (98] was then made in a subsequent paper [5] by Adam. 
Importantly, an additional parameter was added to the linear spatial variation 
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in mitotic inhibitor concentration to enable an inverse problem to be solved for 
Folkman and Hochberg's data, thereby yielding the necessary spatial variation 
of growth inhibitor production to unify theory and experiment. Although the 
combination of spherical geometry and a certain spatial variation in inhibitor 
production gave rise to an excellent fit with the published data, Adam cautiously 
noted that this fit did not prove the necessity of spatial variations in mitotic 
control to explain such observations. It is particularly noteworthy that the series 
of mathematical models proposed by Adam thus far [3, 4, 5], in extending the 
work of Glass [116, 255], did not incorporate a volume loss mechanism such 
as necrosis, so that stability could only occur by complete growth inhibition 
throughout the tissue- a somewhat incongruous notion in the context of cancer. 
Clearly, a consideration of the effects of a necrotic core would be an impor-
tant extension of these models. While necrosis was later considered in the final 
paper in this series, it is essential to recognise that the necrotic core was sim-
ply incorporated as a source of growth inhibition in this study [8], rather than 
representing a mechanism for volume loss. Nevertheless, the model enabled an 
interesting comparison to be made with the earlier work of Greenspan [121] in 
investigating two different sources of growth inhibition: inhibition by diffusion 
of necrotic wastes, and inhibition via a by-product of processes occurring within 
living cells. Following Greenspan's approach, a spatially uniform production was 
assumed - an important departure from the formulation of the three earlier pa-
pers in the series [3, 4, 5]. In other respects, however, the modelling framework 
was consistent with the earlier papers, employing a decay term in the diffusion 
equation for the concentration of inhibitor, which was solved, in this case, in 
spherical geometry. This model illustrated that, in the case of inhibition due 
to necrotic wastes, an increase in the relative width of the mitotic zone tended 
to compromise the stability of the tissue. In the case of inhibition by processes 
within living cells, on the other hand, an increase in the relative width of the 
mitotic zone was associated with an increase of the inhibitor production region, 
30 
and was therefore conducive to greater tissue stability. 
Many of the remaining theoretical studies of tumour growth published in this 
decade, such as those of Landry [172] and Adam and Maggelakis [9, 191], tended 
to focus on tumour growth dynamics. 
Landry et al. [172] considered the geometric and physical characteristics 
of multicellular spheroids in a mathematical model which attempted to relate 
growth rate to easily-measurable parameters such as cell doubling time in mono-
layer, rate of cell shedding from the spheroid and the depth of the external rim 
of proliferating cells- phenomena which were investigated in a preceding exper-
imental study [171]. These authors were aware of recent experimental observa-
tions which showed that spheroids expanded linearly with time as the spheroids 
sequestered proliferating cells at the periphery [301, 302], and later reached dor-
mancy at a maximum diameter [131, 98]. While the model did provide an expla-
nation for the linear growth of multicellular spheroids, as well as a theoretical ba-
sis for the experimentally-observed direct correlation between the thickness of the 
proliferating rim and the spheroid growth rate [301], it predicted an infinite linear 
expansion and was unable to explain the growth saturation of large spheroids. 
Acknowledging this shortcoming, the authors compared and contrasted the two 
principal explanations for spheroid dormancy existing in the literature at that 
time, namely the volume loss associated with the disintegration of cellular debris 
in the necrotic core [121], and the production of inhibitory factors [116, 255]. 
Maggelakis and Adam [191], on the other hand, returned to a consideration 
of nonuniform growth inhibition in a model which examined the growth rate of 
a spherically-symmetric prevascular carcinoma when both nutrient consumption 
and inhibitor production were spatially nonuniform. In this sense, the formu-
lation blended together many of the ideas first proposed by Greenspan [121], 
Deakin [84] and McElwain and Ponzo [202], although in this case inhibitors were 
produced only in the necrotic core. Further, based on the work of Mueller-
Kleiser and Sutherland [210] which examined the effects of toxic products from 
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the necrotic core on cellular oxygen consumption, an additional parameter was 
introduced into the model to account for the effects of the inhibitor production 
on nutrient consumption rate. This formulation bestowed the potential to adopt 
a four-layered structure, with the development of the spheroid occurring within 
four distinct phases. In the first phase, all cells could obtain sufficient nutrients, 
allowing mitosis to proceed normally throughout the tissue. The second phase 
commenced when nutrient concentration reduced sufficiently in the central region 
to cause mitotis to decrease there, thereby beginning to slow the overall growth 
of the spheroid. A two-layered structure prevailed during this phase, with an 
outer layer proliferating normally, and an inner layer in which proliferation was 
reduced. The third phase was a further period of retarded growth where the 
structure comprised an additional layer of necrosis at the centre, which consti-
tuted a volume loss mechanism. While this could give rise to dormancy, further 
growth ensued if the retardation by necrotic volume loss and consumption de-
crease was insufficient, giving rise to a fourth phase which could be characterised 
by either the aforementioned three-layered structure, or a four-layered structure 
comprising an additional quiescent layer. 
The results and implications of this mathematical model [191] were then pre-
sented in a subsequent paper [9], elucidating the effects of different parameter 
values on various aspects of the model such as growth rates and overall growth 
pattern, and distribution of inhibitor concentration. 
It is noted in closing that various models relating to oxygenation and radiosen-
sitivity of solid tumours were published during this decade, such as the work of 
Liapis et al. [176], Arve and Liapis [24], King et al. [158, 159] and Shultz and 
King [248]. In addition, some mathematical models of drug transport in tumours 
such as the models by Jain and Wei [150] and Swan [267] were advanced over a 
similar time-frame. 
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2.6 Recent Mathematical Approaches to Tumour 
Growth: From 1990 to the Present 
The 1990s witnessed an explosion in the publication of mathematical papers 
on solid tumour growth, with many more such papers appearing in this single 
decade than in all the previous years combined. Not only did the study of both 
vascular and avascular tumours (along with their in vitro counterparts, the multi-
cell spheroids) continue, with the emergence of some new approaches, but various 
other experimental investigations into tumour biology, such as the internalisation 
of labelled cells in spheroids, became the subject of mathematical studies. Inter-
esting mathematical contributions to the study of tumour invasion and metastasis 
were also published during this period, in addition to publications in the inchoate 
areas of tumour residual stresses and multiphase tumour mechanics. 
The following section outlines a selection of such theoretical studies in order 
to illustrate how this field of research has taken shape and how mathematical 
modelling has continued to contribute to an enhanced understanding of tumour 
development over recent years. 
2.6.1 Cell Migration in Multicell Spheroids and Tumour 
Cords 
In response to the emerging interest in the underlying mechanisms of cell migra-
tion, McElwain and Pettet [201] proposed a mathematical paradigm with which 
various key experimental findings could be interpreted. Moore et al. [204, 206], 
for example, had studied tumour cords-cylindrical 'cuffs' of tumour cells sur-
rounding a blood vessel-using radioactive labelling techniques, and observed 
that cells tend to migrate from the proximity of the blood vessel towards the 
outer extremity of the cord, eventually entering the surrounding necrotic zone. 
Dorie et al. [85, 86] studied these tumour growth kinetics further using multicell 
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spheroid assays, considering the migration of both single cells labelled with triti-
ated thymidine and inert polystyrene microspheres in two separate experiments. 
While both types of probe adhered readily to the surface of the spheroids and 
gradually migrated inwards, only the microspheres internalized completely, with 
no microspheres observed in the peripheral region after several days. By contrast, 
a significant number of labelled cells remained attached to the outer rim after 
this time, producing a distinctly bimodal distribution. 
Since the experiments by Dorie et al. [85, 86] attempted to clarify whether 
the internalisation of labelled cells and microspheres was an active or passive 
process, the model by McElwain and Pettet [201] incorporated both the passive 
internalisation due to non-uniform cell proliferation and cell death and the asso-
ciated pressure gradients, as well as the active migration of cells from a chemo-
tactic response to the gradient of nutrient concentration. While this theoretical 
framework made predictions which ostensibly reproduced the experimental re-
sults reported by Dorie et al. [86], it must be conceded that these results were 
dependent on a number of controvertible modelling assumptions. In particular, 
it was assumed that it was only the labelled cells which could migrate actively 
by chemotaxis, and that these labelled cells do not proliferate. Furthermore, 
there was no experimental evidence that cancer cells respond chemotactically to 
nutrient concentrations. 
A later model by Thompson and Byrne [277] addressed some of these short-
comings, postulating that nonuniform cell proliferation and cell death of the 
labelled cells were responsible for the different internalisation patterns, rather 
than chemotaxis. Nevertheless, while the model predicted many of the qualita-
tive aspects of the observed migration of the probes, the limiting distribution of 
labelled cells was spatially uniform rather than exhibiting the bimodal distribu-
tion observed by Dorie et al. [86]. In addition, the model required an initial 
distribution of labelled cells which was entirely internal to the tumour surface, 
rather than adhering to the surface itself. 
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Pettet et al. [231], on the other hand, combined many of the ideas proposed 
by both McElwain and Pettet [201] and Byrne and Thompson [277] to propose 
a novel explanation for the migration of labelled probes in multicell spheroids. 
Influenced by the experiments by Hughes and McCulloch [141] and Palka et al. 
[222] which suggested that the chemotactic response of cells is dependent on cell-
cycle phase, these authors maintained that the quiescent cells alone would detect 
the nutrient concentration gradient and attempt to migrate towards regions of 
higher nutrient concentration, thereby competing for space with the proliferating 
cells which continually drive cells towards the spheroid centre. Thus, cells in 
the quiescent state were assumed to be more 'chemotactically active' than their 
proliferating counterparts. This variation in chemotactic responses predicted a 
self-sorting of the cells, with quiescent cells dominating both the innermost region 
of tissue where nutrient levels are low, as well as the tumour periphery as a result 
of chemotaxis. Proliferating cells, by contrast, were confined to a comparatively 
thin shell close to the tumour periphery. 
Bertuzzi and co-workers [33, 34, 35] brought some fresh approaches to the 
study of cell migration through a consideration of tumour cords. Various experi-
mental investigations of tumour cords have been conducted since the often-cited 
work of Tannock [273] and Hirst et al. [137, 138, 139], as well as the influen-
tial papers by Moore et al. [204, 205, 206]. Further, tumour cords represent 
an interesting subject for theoretical investigation, since their simple cylindri-
cal geometry renders them a tractable subunit of a vascular tumour, which, as a 
whole, comprises a highly heterogeneous agglomeration of various cell types (both 
normal and neoplastic, in various phases of the cell-cycle) and necrotic regions, 
permeated by a tortuous and highly fenestrated vasculature [82, 147, 246]. 
Bertuzzi and Gandolfi [35] developed a mathematical model for the cell kinet-
ics in a tumour cord to complement the cell migration data obtained by Moore et 
al. [206] from two experimental rat hepatomas. In view of the experimental data 
on the expression of proliferation markers reported by Danova et al. [80] which 
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attests to the presence of quiescent cells in tumours, the model considered the 
population of viable tumour cells to comprise both proliferating and quiescent 
cells. In addition, the age - or cell cycle phase - of the proliferating cells was 
taken into account since this characteristic affects the update of radioactively 
labelled DNA-precursors during the experimental labelling process. Any vari-
ability of phase transit times was neglected, so that all proliferating cells were 
assumed to undergo the complete cycle in the same time. Moreover, the cells 
were assumed to behave as a single fluid, with a single velocity field which was 
independent of cell age and proliferating and quiescent status. In formulating 
a population model with an assumed cell cycle structure, the model was based 
on the earlier theoretical work by Gurtin [126] and Gurtin and MacCamy [127] 
on age-dependent diffusion of biological populations. This modelling framework 
afforded excellent agreement with the experimental data relating to the radial 
distribution of the labelling index (the fraction of labelled cells after a pulse of 
tritiated thymidine) published by Moore et al. [206], except in the region adja-
cent to the blood vessel - a discrepancy the authors argued was likely to be a 
consequence of assuming a constant cycle time. 
Bertuzzi et al. [34] later incorporated a variable cell cycle length in a formula-
tion which built upon the foundation developed by Kendall [154] and Takahashi 
[271, 272] to represent the cell cycle by a sequence of discrete compartments of 
cell maturity corresponding to the phases G1 (gap 1), S (synthesis), G2 (gap 2) 
and M (mitosis). This new model predicted the time evolution of the spatial 
distribution of the total fraction of labelled cells (LI) and the fraction of mitotic 
labelled cells (FLM) in order to illuminate the experimental data reported by 
Hirst and Denekamp [137] for the KHH mamary carcinoma. Since the rate of 
progression through the cell cycle diminished with radial distance from the central 
vessel because of the decreasing nutrient concentration, the authors maintained 
that the kinetic differences between inner and outer zones could be masked by 
the process of cell migration. Indeed, the model studied the effects of cell mi-
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gration by comparing the predictions relating to the time course of FLM with 
both the experimental data and the previous analyses by Takahashi [271, 272] 
which neglected spatial structure and cell migration. Although both mathemat-
ical models give rise to reasonable correlation with the experimental results for 
the region adjacent to the blood vessel, only the model by Bertuzzi et al. [34] 
yielded an acceptable fit for the observed data in the outermost region of the cord. 
The authors concluded that a correct analysis of radioactive labelling data from 
tumour microregions requires the possible cell migration through the regions to 
be taken into account. 
While both the model by Bertuzzi and Gandolfi [35] and that by Bertuzzi et 
al. [34] neglected the process of cell death within the tumour cord, a subsequent 
model by Bertuzzi et al. [33] considered the dynamics of tumour cords under the 
action of a cytotoxic agent. This model incorporated both a random cell death 
- either spontaneous or induced by the cytotoxic agent - and a cell death 
which results from insufficient nutrient availability. Although dependent upon 
many simplifying assumptions, the model was able to reproduce the qualitative 
results reported by Tannock and Howes [27 4] and Moore et al. [205] relating to 
the response of tumour cords to a single dose of radiation. It also emphasized 
the role of the degradation rate of dead cells on the macroscopic response of the 
tumour mass. 
2.6.2 Multiphase Models 
The mathematical theory of continua comprising two or more interacting con-
stituents, or phases, is well developed, with the combination of the seminal works 
of Truesdell and Toupin [280] and Truesdell and Noll [279] with the more recent 
publications by Bowen and co-workers [39, 40, 41, 42], Passman and co-workers 
[89, 224] and Rajagopal and Tao [240] providing a rigourous development of the 
theory and underlying modelling equations. These approaches have enjoyed con-
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siderable success in various areas of industrial applied mathematics over recent 
decades [87, 88, 90, 94, 99], and more recently, in an assortment of biological 
studies predominantly relating to soft tissues such as articular cartilage and in-
tervertebral discs [143, 165, 166, 208, 260]. 
By comparison, the application of multiphase techniques to biological growth 
and the study of tumours is in its infancy, despite a number of important con-
tributions appearing in the literature since the mid-1990s. These models depart 
from the approaches used in most other biomechanical modelling insofar as the 
growth process itself is central to the problem at hand, and necessitates the in-
clusion of interphase mass exchange in the suite of modelling equations. 
Among the first multiphase models of tumour growth was that proposed by 
Please et al. [234]. Noting that the precise underlying determinants of regions 
of coagulative necrosis had hitherto been neglected in mathematical models of 
tumour growth, these authors advanced a very simple one-dimensional model of 
the formation of necrotic regions in growing tumours by considering the role of 
stresses within the tissue. Two incompressible phases were considered: tumour 
cells, which were assumed to behave inviscidly, and extracellular water. The 
process of cell proliferation was regulated by the concentration of oxygen, which 
was assumed to diffuse rapidly into the tumour from its surroundings. Contrary 
to many previous models [121], no surface tension was introduced to the model, 
so that the processes of cell proliferation and cell death were the only underlying 
mechanisms for cell movement. The authors postulated that the extracellular 
fluid pressure must always be less than or equal to the cellular pressure in a region 
of live cells, with cell rupture occurring in the event that the extracellular fluid 
pressure was the greater of the two. In this way, the approach was novel insofar 
as the onset of necrosis was not dependent upon a critical oxygen concentration, 
but on the stresses within the tumour. 
This formulation was applied to the growth of a tumour in a test tube, with 
the modelling equations tracking both the upper surface of the tumour, adjacent 
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to oxygen-rich water, and the boundary of the necrotic region. While the tumour 
growth initially exponential in this case, the onset of necrosis yielded a linear 
growth of both the outer boundary of the tumour and the boundary of the necrotic 
region, with the region of live cells maintaining a fixed thickness. 
The authors soon extended this model to include surface tension and a spher-
ical geometry [235], and considered a slow, viscous flow of the cells in a two-phase 
consolidation model. The assumption relating to the rupture of cells at elevated 
interstitial fluid pressure was also elaborated in this paper, which stated that 'any 
attempt to induce the extracellular matrix into a state of tension will then result 
in adjacent cells rupturing as they are ripped from the extracellular matrix and 
each other', an assumption the authors believed to be valid for weakened anoxic 
cells, if not for rapidly proliferating cells. 
It is important to note that both this model [235] and its predecessor [234] 
neglected the interphase drag forces in the equilibrium equation. 
By contrast, the full force balance equation - complete with pressure gradi-
ents for each phase as well as hydrodynamic drag was included in a subsequent 
model by Landman and Please [170]. In addition, this latter paper was influenced 
strongly by the experimental evidence reviewed by Mueller-Klieser [211], which 
pointed to biological mechanisms other than oxygen diffusion and consumption 
alone in creating a region of necrosis. Moreover, these authors believed the catas-
trophic rupture of cells due to a tensile intercellular stress to be a weak aspect of 
the previous models [234, 235], preferring the concept of a necrotic region identi-
fied by the appearance of voids between cells as neighbouring cells die. Physical 
constraints on cell density and intercellular pressures were imposed via a lin-
ear complementarity condition which allowed necrotic regions to form, grow and 
shrink. 
Assuming spherical symmetry, the model highlighted the role of surface ten-
sion in both the possible formation of a necrotic region and the ability of the 
tumour to reach a steady-state size. In particular, very small values of the coef-
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ficient of surface tension prevented a steady-state, with linear growth continuing 
indefinitely. While moderate surface tension permitted a linearly stable steady-
state, containing a necrotic region of fixed size, a surface tension in excess of a 
certain critical value gave rise to a compacted tumour with no necrosis, whose 
steady-state size was independent of the value of the surface tension coefficient. 
This two-phase approach to the study of avascular tumour growth was revis-
ited by Breward et al. [43] using a one-dimensional cartesian geometry. While 
the aqueous phase was assumed inviscid, the viscosity of the cellular phase was 
considered indicative of the degree of differentiation of the tumour cells, with 
poorly differentiated tissue characterised by a reduced intercellular cohesion and, 
therefore, a lower viscosity than their well-differentiated counterparts. Further, 
a key feature of this model was the assumption that the pressure in the cellular 
phase differs from that in the extracellular water phase due to interactions be-
tween the cells. Cells could attract each other, due to overlapping filopodia, or 
repel each other due to the mechanical stress resulting from the deformation of 
the cell membrane. 
A number of interesting predictions emanated from the ensuing solution and 
analysis of the modelling equations. In the case where the short-range, attractive 
intercellular forces were inactive, for example, a necrotic core developed, while the 
live cells were relegated to a thin cortical region adjacent to the tumour periphery 
which advanced as a travelling wave with an approximately constant propagation 
speed. Moreover, increasing the viscosity of the cellular phase decreased the speed 
of the advancing front, which was consistent with the idea that this viscosity 
correlates with the degree of differentiation of the tumour cells. When the short-
range, attractive forces were active, on the other hand, the tumour arrived at a 
steady-state with no mass flux across the free surface, with the mass required for 
ongoing proliferation coming entirely from the mass relinquished by dying cells. 
An similar two-phase theory of avascular tumour growth was soon proposed 
by Byrne et al. [51]. Whereas the former model by Breward et al. [43] con-
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sidered interphase exchanges of momentum resulting only from interfacial pres-
sures and 'Darcy-style' drag terms, this new model also incorporated the effect 
on the momentum equations of interphase mass exchange, thereby providing a 
correct statement of the equilibrium of forces for each phase. Importantly, the 
development of the suite of modelling equations in both this model [51] and its 
predecessor [43] constitutes a justification for the description of cellular motion 
as a diffusion process (as in, for example, the models by Sherratt [252, 253] and 
Gatenby and Gawlinski [111]), since a 'cell-diffusion' term was shown to be a 
consequence of interphase drag and the interactions between cells, rather than 
the hitherto assumed random cell motion. 
An extension of this work was later advanced by Byrne and Preziosi [62] in 
a model which considered the stress-distribution within the tumour, mechanical 
interactions with the peritumoral region and stress-dependent cell proliferation. 
Based on the theory of mixtures, a more detailed exposition of the conservation 
equations was given in this paper in comparison with previous models [43, 51], 
appealing to the seminal work of Bowen [40]. Ostensibly, the tumour comprised 
a solid cellular phase and a liquid phase, but significantly, the constitutive equa-
tion deduced for the 'solid' phase was that of a viscous fluid. Moreover, while 
the model defined the special case where viscous contributions are absent as a 
'poroelastic limit', this type of 'poroelasticity' is quite distinct from the usual 
poroelastic concept of a solid matrix permeated by a fluid. 
Nevertheless, the model provided some interesting insights into the sensitivity 
of the tumour's dormant size to the effects of stress-dependent cell proliferation 
and the application of external loads. While increases in the applied stress at 
the outer boundary were associated with smaller equilibrium sizes, the sensitivity 
of the process of cell proliferation to mechanical stresses determined whether or 
not the tumour evolved to a nutrient-limited equilibrium size or a stress-limited 
equilibrium size. If the inhibitory effect of mechanical stress on cell proliferation 
reached a critical value, the tumour could be eliminated. 
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The recent 'solid-multiphase' models by Preziosi and Farina [237] and Araujo 
and McElwain [19] currently stand alone in the literature relating to multiphase 
modelling of tumour growth by including a solid matrix amongst the phases. 
While the emphasis of the former paper is a derivation of the correct statement 
of Darcy's law for biological growth problems where interphase mass exchange 
occurs, the latter model presents a full suite of modelling equations which permit a 
consideration of residual stresses, a topic to be discussed in more detail in the next 
section. Most significantly, the analysis in the paper by Araujo and McElwain 
[19] points to a crucial phenomenological aspect of tissue growth, illustrating 
that such a process must consist of a coordinated combination of the swelling 
of the solid (cellular) phase due to the influx of extracellular fluid - which is, 
in essence, the inverse of the consolidation concept of poroelasticity and the 
exchange of mass whereby extracellular fluid is incorporated into the cellular 
phase. This combination of processes necessitates the inclusion of an additional 
constitutive postulate which relates interphase mass exchange to the solid matrix 
expansion amongst the modelling equations in order to close the model. Ambrosi 
and Preziosi [15] have referred to the necessity to propose such postulates for 
velocity or displacement fields as the closure problem. 
Multiphase approaches are also beginning to be applied to the study of vas-
cular tumours. The recent model by Breward et al. [44] is an extension of these 
authors' two-phase framework [43] to include blood vessels as a third phase. In 
determining explicitly the pressure exerted by the cells on the blood vessels, an 
interesting feature of this one-dimensional model is its ability to incorporate vas-
cular collapse when this pressure exceeds a critical value, with the consequence 
that the local delivery of oxygen is impaired. Such an outcome clearly favours 
the formation of regions of coagulative necrosis. Mindful of the insights into 
tumour blood vessel compression and decompression provided by Boucher and 
Jain [36] and Griffon-Etienne et al. [125] respectively, the model attempted to 
explain the recent observations by Brown et al. [47] that in some tumours anal-
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most uniformly vascularised layer of proliferating cells envelops a central necrotic 
core. Thus, it is interesting to compare this mathematical model [44] with the 
recent theoretical studies of tumour vascular collapse by Araujo and McElwain 
[21, 22, 23] which employed the principles of solid mechanics, as well as the early 
model by McElwain et al. [199] which determined pressure gradients by Darcy's 
law. 
The multiphase model of capsule formation in tumours by Lubkin and Jackson 
[188] is also noteworthy, particularly since, along with the studies by Barr et al. 
[26, 27], it is among the very few attempts to uncover the underlying mechanisms 
of this important aspect of tumour growth. Indeed, investigators such as Robbins 
et al. [242] and Ng et al. [216] have noted that the presence of a capsule around 
tumour often suggests a favourable prognosis. In view of the evidence reported by 
Richie [241] and Berenblum [32] that tumours in lumens or on the body surface do 
not form capsules, one of the foremost current explanations for capsule formation 
asserts that peritumoral tissue is compressed into a capsule by the expansion of 
the tumour. For this reason, the mathematical model by Lubkin and Jackson 
[188] attempted to discriminate between the two mechanisms of tumour expansion 
and host contraction. The tumour was assumed to comprise two interpenetrating 
phases: an aqueous phase, and a more solid phase consisting of the cells and the 
remaining, generally fibrous, extracellular components. Nevertheless, both phases 
were assumed to behave as Stokes fluids over the time scale of tumor growth, 
allowing stresses in the cell-fibre phase to dissipate by permanent deformation. 
Among the other salient features of the model are the inclusion of a contractility 
which may arise from a wound-healing response, and a solvation stress, which is 
a measure of the affinity of one phase for another. 
With this relatively simple description of the mechanics of a growing tumour, 
the model demonstrated that 'it is the expansion of the tumour, coupled with the 
internal solvation pressure ... which causes the formation of the capsule and the 
associated elevated interstitial pressure of the tumour'. In addition, the model 
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'confirmed the high and rising interstitial tumour pressures and the sharp and 
steepening pressure gradient at its periphery as the tumour grows', which had 
been observed experimentally by Boucher et al. [37] and Gutmann et al. [128]. 
While contractility was not necessary for the formation of a capsule, the model 
showed that a host wound-healing response and the associated contractility would 
produce a dense and better defined capsule, resulting in a much clearer tumour 
margin. 
2.6.3 Mechanical Models and Models of Residual Stress 
Formation 
Experimental evidence for the significance and implications of growth-induced 
stresses in both normal and neoplastic tissues abounds in the literature. Fung 
[103], for example, noted the existence of residual stresses in living organs and 
highlights the importance of such stresses to physiological functions, asserting 
that 'in a living organism, the function of its organs depends on the levels of 
their internal stress and strain'. Taber [268] emphasizes that 'residual stresses in 
biological tissues have been observed for a long time' although 'the purpose of 
these stresses is not well understood'. 
In the context of cancer, stresses of various types distinguish neoplastic tissues 
from their normal counterparts. Extensive experimental evidence attesting to the 
elevated interstitial fluid pressure [36] and oncotic pressure [263] in tumours -
even very small tumours [174]- has been published by Jain and co-workers, for 
instance. This interstitial hypertension is thought to arise from the development 
of the neovasculature [38], owing predominantly to both the highly fenestrated na-
ture of tumour blood vessels [133], the paucity of functional lymphatics [173, 214] 
and the elevated microvascular pressure linked to elevated solid stresses within 
the tissue and the accompanying compression of blood vessels [125]. Importantly, 
interstitial hypertension is believed to be partly responsible for the poor distri-
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bution of blood-borne therapeutic agents and low blood flow rate in tumours 
[303]. 
A significant experimental publication relating to the role of stresses in tu-
mour development was that by Helmlinger et al. [134]. In these experiments, 
multicell spheroids were grown in agarose matrices of varying stiffness so that 
stresses gradually accumulated around the spheroids due to the progressive dis-
placement of the matrix by the growing aggregates. Among the salient results of 
the study were the reversible inhibition of the spheroid growth, with an apparent 
threshold stress required for significant growth inhibition, and a resumption of 
spheroid growth following stress alleviation. In addition, while the net prolifera-
tion rate of the cells was not affected by the surrounding stresses, the percentage 
of proliferating and apoptotic cells both decreased, and cellular density increased 
with increasing matrix stiffness. Moreover, spatial variations in the surrounding 
stress field reversibly modulated the shape of the growing aggregates. 
Various theoretical papers were published in tandem with these experimental 
studies, such as the time-dependent model of interstitial fluid pressure using a 
poroelastic description of the tumour by Netti et al. [214]. The model simulated 
the effect of changes in microvascular pressure and tumour blood flow on intersti-
tial fluid pressure, with the excellent agreement between the model simulations 
and experimental data suggesting that the model may be helpful for developing 
strategies to improve high molecular weight drug delivery. 
The experiments by Helmlinger et al. [134] were modelled mathematically by 
Chen et al. [71], in an extension of the model by Landman and Please [170] (see 
Section 2.6.2). Here, the surrounding agarose gel was assumed to be an isotropic, 
porous, non-linear elastic medium characterised by a strain energy function so 
that the stress induced in the gel by the tumour's expansion could be incorporated 
into the force balance equations, thereby linking it to the tumour's growth. The 
model exhibited two types of solution, namely a steady-state with or without 
a necrotic core, depending on the induced stresses. The model also predicted 
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that, for a given initial tumour radius, the onset of necrosis would be delayed by 
increasing gel stiffness, thus reducing the tumour's growth rate and its saturation 
diameter. In this way, the model had qualitatively reproduced the observations 
by Helmlinger et al. [134]. 
A number of key experimental studies of tumour vascular collapse have also 
appeared in the literature over the past four or five decades - another aspect of 
tumour biology which is known to be detrimental to anti-cancer therapies [148]. 
In the study by Eddy and Casarett [92], for example, the development of a 
'tissue growth pressure' around a hamster malignant neurilemmoma in a restric-
tive transparent cheek pouch chamber was sufficient to compress the weak-walled 
tumor capillary vessels. Further, in the experiments reported by Goldacre and 
Sylven [117], a harmless green dye was injected into the tail veins of mice with 
transplanted tumours, giving rise to a deep green colouration of the whole an-
imal with the exception of the brain (due to the blood-brain barrier) and the 
central regions of many of the solid tumours. The investigators concluded that 
tumours often 'contain substantial regions which cannot readily be reached by 
blood-borne substances' due to 'some kind of (vascular) collapse'. Another im-
portant observation made by Goldacre and Sylven [117] was that, for each type 
of tumour used in their experiments, 'the critical factor causing differences in 
the distribution of dye was mainly the age and to some extent the size of the 
tumours'. While young tumours were instantaneously coloured throughout with 
the green dye, the development of green peripheries enclosing white centres was 
observed to occur at a critical age, suggesting that vascular collapse occurs after 
a critical period of growth. 
It is most striking to compare Goldacre and Sylven's report [117] with the 
more recent experiments by Leu et al. [173] in which functional lymphatics were 
detected only at the periphery of the tumours, the investigators arguing that the 
paucity of such vessels in the interior was due to the collapse and destruction of 
the vessels. 
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From the point of view of theoretical investigation, it is important to recognize 
that this distinctive spatial pattern of vascular collapse is strongly suggestive of 
the presence of residual stresses, since an elevated hydrostatic pressure exerted 
by the tumour's surroundings, such as that in the experiments by Helmlinger 
et al. [134] would give rise to spatially-uniform vascular compression. In addi-
tion, Boucher and Jain [36] assert that 'the collapse of tumour blood vessels is 
probably induced by cancer cells growing in a relatively confined, noncompliant 
space', since interstitial fluid pressure and microvascular pressure are approxi-
mately equal within tumours. 
Nevertheless, despite the numerous analytical studies of incompatible growth 
in tissues by investigators such as Skalak and co-workers [256, 257, 258], Ro-
driguez et al. [244], Cowin [74] and Van Dyke and Hoger [283], the mathematical 
modelling of residual stress development in growing tumours is a relatively recent 
endeavour. Shannon and Rubinsky [250] published linear-elastic description of 
a spherically-symmetric tumour incorporating different spatial distributions of 
growth strains which were modelled by analogy with thermal expansion. This 
study yielded the crucial result that in a linear-elastic description of a growing 
tissue with spherical geometry, any spatial variation in the growth process in-
duces residual stresses. Jones et al. [152] also developed a mathematical model 
which explored the effect of a spatially-varying growth rate on the distribution of 
residual stresses within a growing avascular tumour, but extended the framework 
of Shannon and Rubinsky [250] by accommodating the continuous nature of the 
growth process rather than a given fixed growth-strain distribution. As a conse-
quence of this measure, however, the model failed to predict a steady-state stress 
distribution once the tumour had reached its nutrient-regulated equilibrium size 
and therefore did not truly reflect the growth-induced stresses in an avascular 
tumour or multicell spheroid. Indeed, the model predicted that the compressive 
circumferential stresses in the peripheral region of an equilibrium-sized tumour 
increased approximately linearly with time, with a concomitant linear increase in 
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the difference between the radial and circumferential stresses, the radial stresses 
being fixed at the boundary itself. In this way, the model by Jones et al. [152] 
highlighted the insufficiency of an elastic constitutive law to model continuous 
volumetric expansion owing to its inability to exhibit stress-relaxation. 
MacArthur and Please [190] addressed this problem by proposing a viscoelas-
tic model of residual stresses in a multicell spheroid - a natural modification of 
the model by Jones et al. [152] in view of the substantial body of experimental 
evidence pointing to the viscoelastic nature of biological tissues [104, 209, 232]. 
These authors used this modelling framework to extend the models of necrosis 
formation by Please and co-workers [170, 234, 235], allowing necrotic regions to 
develop under conditions of adverse mechanical stress rather than in regions of 
low nutrient concentrations. 
Intriguingly, Araujo and McElwain [18] were able to show that the stress-
relaxation characteristics of a viscoelastic constitutive law may be accommodated 
in an elastic description of a growing tissue by allowing the growth process to 
occur anisotropically. In associating stress relaxation with the growth term of 
the constitutive equation rather than the stress response term, this modelling 
framework heeded the experimental findings by Helmlinger et al. [134] which 
demonstrated the sensitivity of the directional characteristics of growth to the 
prevailing stresses with cell aggregates developing as ellipsoids in an orthotropic 
stress field. 
In view of the fundamental role played by the spatial non-uniformity of the 
growth process in inducing residual stresses, Araujo and McElwain [20] analysed 
the nature of the induced stresses for different distributions of growth strain in 
a spherically-symmetric geometry. This analysis uncovered the important re-
sult that a distribution of growth strains which decreases monotonically with 
radius induces stresses which become progressively less compressive with radius, 
with the circumferential component always less compressive than the radial com-
ponent. By contrast, a monotonically-increasing distribution of growth strains 
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induces stresses which become progressively more compressive with radius, with 
the circumferential stress component always more compressive than the radial 
component. Most importantly, the analysis illuminated the role of anisotropic 
growth in relieving growth-induced stresses. 
These authors later developed mathematical models of Goldacre and Sylven's 
[117] experiments [21, 22] based on the insights gleaned in the former paper 
[20], illustrating that a growth-strain distribution which increases with distance 
from the tumour surface before collapse, and a growth-strain distribution with 
an internal maximum at the vascular collapse front following vascular collapse 
could reproduce Goldacre and Sylven's observations. A subsequent paper [23] 
predicted that oscillations in the steady-state tumour radius could occur from 
the combination of vascular collapse and the stress-relaxation characteristics of 
the tissue. 
Several other mathematical papers on residual stresses in tumours are note-
worthy. Ambrosi and Mollica [13] considered tumour growth using a combination 
of hyperelasticity and the notion of 'multiple natural configurations' originally 
proposed by Rajagopal et al. [239]. Having developed a general mathematical 
formulation, the authors considered some simple models, including the spatially 
uniform growth of a ductal carcinoma, and the spatially non-uniform growth of 
a multicell spheroid. This modelling framework was pursued further in a sub-
sequent paper [14] which presented numerical simulations of the growth of a 
multicell spheroid, confirming that residual stresses are generated because of the 
spatial non-uniformity of the growth process. 
Lubarda and Hoger [187] recently published a general constitutive theory 
of stress-modulated growth of soft tissues, albeit with an emphasis on pseudo-
elastic tissues capable of large deformations, such as blood vessels and muscles. 
Using the earlier work of Taber and co-workers [269, 270] and Hoger and co-
workers [72, 140] as a foundation, this study pursued further the technique of 
a multiplicative decomposition of the total deformation gradient into its elastic 
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and growth components. 
2.6.4 New Mathematical Approaches to the Study of Tu-
mour Invasion and Metastasis 
A keen interest in the important areas of tumour invasion and metastasis has 
persisted amongst mathematicians over recent years. Indeed, the possibilities 
afforded by anti-invasion and anti-metastatic strategies in cancer treatment, as 
discussed by Jiang and Mansel [151], have bestowed an added preponderance to 
the subject. 
Orme and Chaplain [220) continued the study of tumour growth and vascu-
larisation commenced by Liotta et al. [182], contributing various new ideas and 
modelling assumptions. Whereas the earlier work had proposed coupled diffusion 
equations with source and sink terms to describe the density of tumour cells and 
vessel surface areas, this more recent model also assumed that tumour cells react 
to the presence of blood vessels in a similar manner to that of 'taxis', so that tu-
mour cells move up a gradient of capillary vessels. Moreover, an important novel 
aspect of the model was the assumption that a necrotic core develops as a conse-
quence of the overcrowding of tumour cells and eventual collapse of blood vessels, 
in contrast to the hypothesis by Liotta et al. [182) that necrosis occurs due to 
the inability of the process of neovascularisation to keep pace with tumour cell 
proliferation. Moreover, interactions between tumour cells and capillary vessels 
were considered in more detail, yielding a somewhat more complicated partial 
differential equation model. In addition to solving these equations by an algo-
rithm which integrated the system by the method of lines and Gear's method, a 
travelling wave analysis on a slightly simplified form of the equations was con-
ducted, illustrating an advancing front of invading tumour cells which leaves a 
compressed vasculature in its wake. 
The theoretical studies by Perumpanani and co-workers [226, 227, 228, 229) 
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have made a significant contribution to the recent mathematical literature per-
taining to malignant invasion. These models pursued a more detailed phenomeno-
logical understanding of tumour cell invasion by incorporating mathematical de-
scriptions of biological processes hitherto neglected from the majority of such 
studies. They also contrasted strongly with previous mathematical models of cell 
motility which focussed predominantly on the role of angiogenesis. 
Motivated by the significant experimental findings reported by Seftor et al. 
[249] and Aznavoorian et al. [25] on the role of integrins in tumour invasion, 
Perumpanani et al. [229] developed and analyzed a mathematical model of ma-
lignant invasion brought about by a combination of proteolysis and haptotaxis. 
The spatial dynamics of invasive cells were modelled by a directed cell move-
ment up an extracellular gradient, while neglecting random cell motility as on 
the basis of the study by Aznavoorian [25] which reported minimal chemokinetic 
movement. Following the study by Vaidya and Alexandro [282], the prolifera-
tion of tumour cells was incorporated using the logistic growth equation, while 
a simple passive degradation described the dynamics of the extracellular matrix. 
In addition, while the production of protease was assumed to depend on the lo-
cal concentrations of both tumour cells and extracellular matrix, its decay was 
assumed to be linear with a specified half-life. 
A travelling wave analysis ensued, where the presence of a singular 'barrier' 
in the phase plane could be identified, such that the phase paths had meaning 
only on either side of the barrier. However, a particular point on this 'wall' of 
singularities admitted a trajectory- a point originally described as a 'hole in the 
wall' by Pettet et al. (230]. Importantly, the model admitted a family of travelling 
waves depending on both the tissue concentration of connective tissue as well as 
the rate of decay of the initial spatial profile of the invading cells. This model 
was later analyzed further by Marchant et al. [193] who identified the equations 
as a reaction-advection system, in contrast to the reaction-diffusion equation first 
considered by Fisher [93] and Kolmogorov, Petrovsky and Piscounoff [162]- the 
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Fisher-KPP equation. Marchant et al. [193] showed that whereas the Fisher-KPP 
was parabolic, the model proposed by Perul?panani et al. [229] was hyperbolic, 
and may support shocks, or discontinuities in the solution profiles, in addition to 
the smooth travelling wave solutions presented in the earlier paper [229]. Hence, a 
previously unnoticed family of solutions for malignant invasion was demonstrated. 
The study of travelling wave solutions to such haptotaxis-dominated models of 
malignant invasion has been pursued further in a subsequent paper by Marchant 
et al. [194]. 
Another paper by Perumpanani et al. [228] considered the repetitive cycling 
of the processes of attachment, proteolysis and migration the sequence of steps 
referred to by Stetler-Stevenson et al. [262] as the three-step hypothesis - in a 
mathematical model which explored the ways in which different combinations of 
these processes are able to produce an invasive phenotype. Thus, the key model 
variables comprised the concentrations of the invasive cells, non-invasive tumour 
cells normal cells, a generic extracellular matrix protein, a generic protease and 
the product of proteolytic digestion of the extracellular matrix protein. The aim 
of this one-dimensional continuum model of invasion was to explore the macro-
scopic implications of various biological hypotheses and to provide a theoretical 
framework to make predictions about aspects of the system which would not lend 
themselves to experimental investigation due to either cost or logistic difficulties. 
Further, since invading cells behave as a front of cells travelling outwards as a 
wave, the analytical focus of the paper was a study of the nature of this wave and 
the changes which occur at the tumour /host interface as the wave progresses. 
The authors used the results of this mathematical model to make several bi-
ological inferences. In particular, it was argued that the movement of cells, as 
reflected by the wave profile of the invasive cells as well as the speed of invasion, 
was oscillatory as a result of the simultaneous effects of a haptotactic gradient (en-
couraging outward movement) and a concomitantly-created chemotactic gradient 
(having a retarding effect). In addition, the average speed of invasion could be 
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determined in terms of the invasive cell kinetics and the coefficient of haptotaxis. 
Further, the absence of invasion under conditions of high protease expression was 
explained on the basis of chemotactic gradients. The effects of the diffusivity 
of the protease on an invading cell were also studied, illustrating that while a 
small increase in protease diffusivity is conducive to a dramatic increase in tu-
mour invasiveness, a large increase discourages invasion due to the obliteration of 
extracellular matrix gradients which guide the cell movement. Perumpanani and 
Norbury [227] later considered this mathematical model further, with a particular 
emphasis on the numerical behaviour of the modelling equations. 
Both theoretical and experimental methods were combined in a publication 
by Perumpanani and Byrne [226], which illustrated the power of mathematical 
modelling to provide new and valuable insights into important biological phe-
nomena. In view of the well-documented proclivity of certain primary tumours 
to metastasize and establish new colonies in specific organs (such as the tendency 
of colonic carcinomas to spread to the liver [164] while breast carcinomas tend 
to spread to the axillary lymph nodes [284]), this study attempted to establish 
whether regional variations in extracellular matrix concentration could contribute 
to these invasion patterns by exerting a local selection pressure on the invasive 
cells. For the experimental component of the study, an invasion assay was used to 
assess the invasiveness of HT1080 tumour cells migrating through a collagen gel, 
demonstrating a biphasic relationship between invasiveness and collagen concen-
tration, with maximum invasiveness at intermediate concentrations of collagen 
and diminished invasiveness for higher and lower concentrations. Interestingly, 
the mathematical model developed to study this behaviour yielded the prediction 
that tumour cell proliferation may also be related in a biphasic manner to colla-
gen concentration, a hypothesis which was then substantiated by a combination 
of collagen gel invasion and proliferation assays. Moreover, further analysis of the 
mathematical model suggested that the biphasic dependence of the penetration 
depth and proliferation of tumour cells on collagen gel concentration may be a 
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consequence of interactions between haptotaxis and cell-proliferation. 
Over a similar time-frame as the aforementioned studies were published, 
Gatenby [105, 106, 107, 108, 109], Gatenby and Gawlinski [111, 112] and Webb 
et al. [294, 295] advanced a number of impressive mathematical papers on tu-
mour invasion which contrasted quite markedly with the former publications, in-
vestigating alternative mechanistic bases for experimentally-observed behaviour. 
Since the initial studies by Gatenby [105, 106, 109] appealed to methods from 
population biology in treating tumour cells as an invading species in an other-
wise stable 'multicellular ecological domain', it was demonstrated that 'tumour 
populations, as with any invading population in nature, must directly perturb 
the environment in a way that facilitates its growth while inhibiting those in the 
original community' [113]. Hence, several acid-mediated tumour invasion mod-
els ensued [108, 107, 111, 294, 295] as a result of the search for tumour-induced 
perturbations in the tissue environment. 
Various experimental observations contributed to this new explanation of tu-
mour invasion. Volpe [285] and Clarke et al. [73], for instance, had reported 
evidence that a consistent cellular dynamic in tumours is an evolution away from 
the differentiated state of the tissue of origin toward one that is more primi-
tive. Furthermore, Warburg [287] had observed that an increase in glycolytic 
metabolism accompanied this evolution despite a concomitant 19-fold decrease 
in energy production. Gatenby and Gawlinski [111] held that successful tumour 
invasion was linked to this inefficiency, postulating that 'transformation-induced 
reversion of neoplastic tissue to primitive glycolytic metabolic pathways, with 
resultant increased acid production and the diffusion of that acid into surround-
ing healthy tissue, creates a peritumoral microenvironment in which tumor cells 
survive and proliferate, whereas normal cells are unable to remain viable'. A 
mathematical framework for this acid mediation hypothesis was proposed, giving 
rise to a system of three coupled reaction-diffusion equations which described the 
densities of the normal and tumour tissues in addition to the excess concentration 
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of H+ ions - a measure of the tissue's acidity. 
The raw data presented by Martin and Jain [195] relating to in vivo intersti-
tial pH profiles for the VX2 rabbit carcinoma and its surrounding normal tissue 
was then analyzed using the model, demonstrating that the data was consistent 
with the presence and approximate range of the pH gradient extending into per-
i tumoral tissue as predicted by the model. The predicted growth rates of both 
benign and malignant tumours also compared favourably with clinical observa-
tions. In addition, the model highlighted the roles of various biological parameters 
in the clinically-observed 'crossover behaviour' between noninvasive growth and 
the development of an invasive phenotype. Most significantly, the mathematical 
model predicted a number of interfacial structures, including a previously un-
recognized hypocellular interstitial gap in some malignancies a gap which the 
authors demonstrated through in vitro experiments. 
Several other interesting contributions to the mathematical study of invasion 
and metastasis are noted in closing. Chaplain and Sleeman [70] devised an inter-
esting theory of tumour invasion by supposing that the degree of differentiation 
of a tumour may be characterised mathematically by a strain-energy function, 
thereby linking the potential for invasion and metastasis to the constitutive na-
ture of the tissue. Here, the cortical layer of proliferating cells enclosing the 
necrotic core was modelled as a balloon membrane, with the gross internal forces 
taken into account by an inflationary pressure. This approach afforded an em-
phasis on the activity of the layer of proliferating cells at the tumour periphery, 
which may invade the surrounding host tissue. Moreover, the bifurcation from 
spherical symmetry to an aspherical equilibrium, which may be associated with 
the onset of local invasion, was considered, with the criterion for bifurcation also 
expressed in terms of a strain-energy function. 
A later paper by Sleeman and Nimmo [259] extended the model of fluid trans-
port in vascularized tumours by Jain and Baxter [149] to enable a consideration 
of invasion and metastasis. Introducing a pressure-curvature condition to the 
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tumour periphery, a perturbation analysis was conducted to show how small de-
viations from spherical symmetry could enhance asymmetric growth, enabling 
the tumour to invade and metastasize. 
2.6.5 Further Models of Avascular Tumours and Multicell 
Spheroids 
The study of avascular tumours and multicell spheroids continues to represent 
a substantial proportion of all mathematical models devoted to solid tumour 
growth. 
Some recent studies have resumed the study of growth inhibitory factors com-
menced by Shymko and Glass [255] and Adam [3, 4, 5]. Chaplain et al. [67], for 
example, had noted Loewenstein's observations [185] relating to the loss of cou-
pling between tumour cells and proposed that the diffusion of growth inhibitory 
factors between cells may not be constant. Therefore, in contrast to earlier mod-
els [3, 4, 5, 8] which incorporated only nonlinear production of mitotic inhibitors, 
this new model [67] introduced a nonlinear, spatially-dependent diffusion coeffi-
cient to describe the diffusion of a growth inhibitory factor. In addition, both 
uniform inhibitor production, as well as the nonlinear production term proposed 
by Chaplain and Britton [45, 68] were considered in this framework. The model 
demonstrated that the introduction of a nonlinear, spatially-dependent diffusion 
coefficient was sufficient to produce a profile of growth inhibitor concentration 
which was compatible with experimental findings. Furthermore, since the com-
bination of nonlinear diffusion and a nonlinear production term was also able to 
reflect experimental observations, the authors argued that, from a mathematical 
point of view, it is not possible to distinguish between the effects of nonlinear 
diffusion and nonlinear production of inhibitors. 
The recent interest in the role of apoptosis (that is, programmed cell death) 
in tumour growth has also spawned several novel mathematical models. New 
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anti-tumour strategies which focus on apoptosis are emerging [81, 135, 153, 275] 
since, in some cases, a lack of cell death is responsible for neoplastic growth. 
Byrne and Chaplain [57] considered both apoptosis and necrosis as distinct cell 
loss mechanisms in a model which studied the effects of nutrients and inhibitors on 
the existence and stability of time-independent solutions for a multicell spheroid. 
Experimental evidence attesting to the relationship between cell proliferation 
and apoptosis [175, 189, 238], where increases in both rates have been observed 
in some tumours, motivated Byrne (52] to develop a mathematical model which 
studied the effect of time delays on the dynamics of avascular tumour growth. 
Two types of time delay in the net cell proliferation rate were considered. The first 
type of delay was regulated by the cell itself (autocrine control) and represented 
the time taken for the cells to undergo mitosis. The second type of delay, on 
the other hand, was influenced by neighbouring cells (paracrine control) and 
represented the time for cells to upregulate the production rate of a particular 
growth factor and for the growth factor to modify the rate of apoptotic cell loss. 
Because of these time delays, the tumour's evolution depended not only on its 
composition at a particular instant, but also on its composition at some earlier 
time. 
The numerical solution of the modelling equations and the accompanying 
asymptotic analysis demonstrated that the manner in which time delays were 
integrated into the system was crucial to the tumour's evolution. While the 
first type of delay did not affect the tumour's limiting behaviour, the second 
type of delay could dramatically alter the tumour's growth dynamics. Indeed, 
beyond a certain critical delay time, radially symmetric steady-state solutions 
were destabilized, with the tumour volume oscillating in a manner similar to the 
observations by Lynch et al. [189] on cell number fluctuations. 
A subsequent model by Byrne and Gourley [61] continued the study of the 
relationship between cell proliferation and apoptosis through a consideration of 
the internal production of growth factors which regulate apoptotic activity. Here, 
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a growth factor was first produced in an inactive form during cell proliferation, 
and later activated upon binding to a tumour cell. The inclusion of growth fac-
tors in this manner rendered the tumour history-dependent, so that its evolution 
depended on its structure at a given time as well as its structure over a range of 
earlier times (rather than at a particular earlier time as in the model by Byrne 
(52]). Moreover, growth factors which enhanced apoptosis did not alter the qual-
itative behaviour of the tumour, while growth factors which suppressed apoptosis 
could induce asymmetric pulsing of the tumour radius. 
The series of papers by Ward and King [289, 290, 291, 292] have made a 
significant contribution to the recent literature on avascular tumour growth, and 
are cited often. These are multi-species models, which, despite considering mul-
tiple tissue constituents, are quite distinct from the models presented in Section 
2.6.2 since they do not appeal to the theory of porous media and theory of mix-
tures. (For this reason, they diverge quite markedly from the models by Please 
et al. [234, 235, 170] in postulating a non-mechanical basis for the formation of 
necrotic regions). The first paper by Ward and King [289] presented a system 
of nonlinear partial differential equations as a continuum model which assumed 
cells to be either living or dead (depending on the concentration of a generic 
nutrient), the aim being to make predictions about tumour heterogeneity and 
growth, without making any a priori assumptions about the spatial structure of 
the tumour. A velocity field developed as a consequence of local volume changes 
due to cell proliferation and cell death, where, in contrast to previous models, 
dying cells contracted at a rate which depends on the availability of nutrients. 
Thus, cell death was a gradual process. Another interesting aspect of the model 
was its use of a generalized Michaelis-Menten form for the rate constants for cell 
proliferation and death, building on previous methods to model cell kinetics by 
investigators such as Lin [177] and McElwain [198]. 
Notwithstanding its inability to model growth saturation since the products 
of cell death remained within the spheroid without decaying or escaping, this for-
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mulation predicted an early exponential growth phase followed by linear growth, 
corresponding to experimental observations in the intermediate phase of spheroid 
growth. An additional interesting prediction peculiar to this modelling framework 
was the existence of two phases of growth retardation following the exponential 
growth. The authors used asymptotic analysis to illustrate that the first of these 
phases was a consequence of nutrient diffusion limitations, with the second re-
tardation coinciding with the formation of a necrotic region. In addition, well-
defined tumour regions were predicted, with a distinct viable rim and a necrotic 
core. Thus, the analysis in this paper offers insights into the time scales of the 
various stages of growth and the length scales of the various tumour regions. 
An extension to the model was soon proposed [290] in order to permit a 
consideration of growth saturation by incorporating a necrotic volume loss. The 
model represents an interesting extension to models such as those by Greenspan 
[121], McElwain and Morris [200] and Byrne and Chaplain [56, 57, 60] where cell 
death by either apoptosis or necrosis, or a combination of the two, was associated 
with the contraction of the entire cell volume. Ward and King [290], however, 
considered only necrotic cell death and proposed two distinct mechanisms for the 
removal of the necrotic debris: leakage and consumption by neighbouring cells. 
The latter mechanism was postulated on the basis of experimental observations 
of cells' consuming neighbouring dead cells (having undergone apoptosis), as 
reported by Kerr et al. [156]. Depending on the choice of parameter regime, 
this measure enabled the long-time solutions to exhibit either travelling waves or 
growth-saturation. 
The effects of mitotic inhibitors were investigated in a subsequent model ex-
tension, in which it was proposed that during necrotic cell death, a cell dissociates 
into two different species: basic cellular material such proteins and DNA which 
may be used by living cells for proliferation and growth, and high molecular 
weight material which cannot be used directly by other cells and may act as a 
mitotic inhibitor. Indeed, several growth inhibitory proteins originating in the 
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necrotic core had been identified by a number of investigators including Freyer 
et al. [101], Harel et al. [132], Iwata et al. [144] and Levine et al. [175], having 
molecular masses 0(100) times that of glucose. While incorporating mitotic in-
hibition into the model did not alter the qualitative development of the tumour, 
it did have a pronounced effect on quantitative outcomes such as increasing the 
propensity for the spheroid to arrive at a steady-state (rather than exhibit travel-
ling wave solutions) and causing a reduction in the saturation size. Moreover, the 
results demonstrated that the inhibitor could act either directly by reducing the 
mitotic rate, or indirectly by occupying space, thereby reducing the availability 
of cellular material. 
Cell shedding, the process by which cells detach from the surface of a multicell 
spheroid, became the focus of a further extension of these models. It is noteworthy 
that this model, along with those by Landry et al. [172] and Casciari et al. [63], is 
one of the very few theoretical studies to consider this phenomenon. Cell shedding 
was introduced to the modelling equations by allowing the rate of change of the 
coordinate of the tumour surface to differ from the surface velocity. Moreover, 
in view of the observation by Landry et al. [171] that cells are more prone to 
detachment during mitosis, the model related the rate of cell shedding to the 
mitotic rate at the spheroid surface. Including the process of cell shedding in this 
way was shown to expand significantly the range of parameters for which growth 
saturation occurred. 
Various other mathematical models of avascular tumours are noted in closing. 
A number of recent models, such as those by Byrne and Chaplain [58] and Byrne 
[55, 53], for example, have continued the work of Greenspan [123] on the spher-
ical stability of cell aggregates. A later model proposed by Byrne and Chaplain 
[59], on the other hand, comprised some very novel approaches and constituted a 
quite general formulation for the growth of multicell spheroids. While the model 
was, in essence, based on the work of Greenspan [123] in considering the tu-
mour as an incompressible fluid with local cell proliferation and death generating 
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pressure gradients which govern cell motion, these authors made no a priori as-
sumptions about the tumour's spatial structure. Moreover, a key aspect of the 
model was the assumption that the nutrient concentration satisfied the Gibbs-
Thompson relation on the tumour boundary, a relation which states that 'the 
nutrient concentration at a point on the tumour boundary is less than the exter-
nal concentration by a factor which is proportional to the local curvature there' 
[59]. This feature was intended to reflect the experimental evidence reported by 
Miyasaka [203] and Nagle et al. [213] that cells require energy on the periphery to 
generate sufficient adhesive forces to maintain a compact tumour mass. (Recall 
that Greenspan [123], by contrast, had appealed to a simpler concept of surface 
tension in order to ensure tumour compactness). The balance between the in-
ternal expansive force due to cell proliferation and the adhesive forces between 
cells on the tumour boundary then enabled the tumour's potential for invasion 
to be assessed. This formulation gave rise to a number of free boundaries, explic-
itly defining the outer boundary, and implicitly defining various internal surfaces 
(such as the boundary of the necrotic core) as functions of nutrient concentration. 
Sherratt and Chaplain [254] have also developed a novel mathematical ap-
proach to the study of avascular tumours, considering continuum densities of 
proliferating, quiescent and necrotic cells, together with a generic nutrient or 
growth factor. This framework predicted the development of the characteris-
tic layered structure of a proliferating rim, an underlying quiescent layer and a 
necrotic core without making any a priori assumptions about the spatial struc-
ture of the tumour. In this sense, the model extended aspects of the framework 
developed by Ward and King [289, 290] to consider quiescence. The model also 
incorporated cell movement based on the phenomenon described by Abercrombie 
et al. [2] as 'contact inhibition of migration', where the presence of one cell type 
limits the movement of another cell type a measure which was shown to reduce 
the rate of tumour growth. (Note that this contact inhibition had been modelled 
previously by Sherratt [251] in a very simple competition model). An additional 
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novel feature of the model was that the thin, approximately disc-shaped tumour 
could be supplied with nutrients from underlying tissue, a situation which would 
arise in the context of a tumour growing within an epithelium. The numerical 
solutions and accompanying analysis illustrated that tumour structure could be 
altered significantly by this aspect. 
The recent model of the early growth of a ductal carcinoma in situ of the 
breast by Franks et al. [100] represents an interesting contrast with the other 
theoretical studies outlined in this section, applying many of the approaches 
developed by Ward and King [289] to the cylindrically-symmetric geometry of the 
breast duct. The tumour's growth was largely determined by nutrient availability, 
with growth occurring preferentially down the duct, being the direction of least 
resistance. In addition, cell movement was described by a Stokes flow constitutive 
relation. Thus, a system of nonlinear partial differential equations was proposed 
to describe the live and dead tumour cell concentrations, the concentration of fluid 
within the duct (lumen), nutrient concentration, local velocity and pressure. This 
modelling framework was then used to study the effects of the tissue viscosity on 
the shape of the tumour boundary, as well as the extent to which the cells adhere 
to the duct wall. 
2.6.6 Further Models of Vascular Tumours 
A number of noteworthy attempts have been made to model vascular tumour 
growth on both the microscale and the macroscale, albeit considerably fewer in 
number when compared with models of avascular tumour growth. 
Byrne and Chaplain [56] developed a model of non-necrotic tumour growth 
which studied the roles of nutrients and growth-inhibitory factors being supplied 
to tumour cells by both diffusion and blood-tissue transfer via the vasculature. 
This was an important contribution to the theoretical study of growth inhibi-
tion since, in comparison with the earlier work of Adam [3, 4, 5] and Adam and 
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Maggelakis [9], the consideration of in vivo growth permitted an investigation 
of a much wider range of inhibitory behaviour. The model also departed from 
earlier work by including apoptosis in the mass conservation equation, being one 
of only two mathematical models to have considered this cell loss mechanism at 
that time (the first being the model by McElwain and Morris [200]). A further 
distinguishing feature of this work was a consideration of the variations in de-
pendent variables over both the timescale of nutrient diffusion and the growth 
timescale, affording insight into the previously unstudied transient behaviour of 
tumours. (It is noted that this model was later analysed by Cui and Friedman 
[78, 79]). 
Hahnfeldt et al. [130], on the other hand, developed a quantitative theory 
of vascular tumour growth and treatment response under angiogenic stimulator 
and inhibitor control by investigating the effects of the angiogenic inhibitors en-
dostatin, angiostatin and TNP-470 on tumour growth dynamics. In this way, 
a theoretical basis was proposed 'for both describing tumour development and 
for assessing antiangiogenic treatment alternatives, alone or in combination with 
conventional therapies'. The results attested to the 'ubiquitous tendency of tu-
mours to exhibit a growth slowdown with a possible asymptotic approach to a 
final tumour size, or "set point"' which 'may be understood in terms of the net 
angiogenic influence upon the tumour becoming more inhibitory over time, inde-
pendent of any tumour cell-specific details'. In addition, the analysis offered a 
ranking of the relative effectiveness of the inhibitors. 
In contrast to many other studies, Breward et al. [44] proposed a model of 
the microscale within a vascular tumour, considering the interactions between 
a compliant vessel and the live and dead tumour cells in its vicinity. Here, the 
oxygen levels in the tumor tissue depended on the spacing of the blood vessels 
as well as their thickness, with larger vessels supplying greater levels of oxygen. 
Local cell proliferation and cell death gave rise to pressure gradients which, in 
turn, caused the blood vessel to open or close. Since the closing of a blood 
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vessel impeded the supply of oxygen, the oxygen tension could vary in response 
to changes in the local densities of tumour cells. 
A poroelastic description of a vascular tumour was developed by Netti et al. 
[215] in a model which differs from those discussed in Section 2.6.2 since the 
growth process itself was not considered. Rather, microscopic and macroscopic 
descriptions of transvascular and interstitial fluid movement were united in this 
model, with a view to providing a theoretical tool to complement experimental 
investigations of macromolecular transport (or drug delivery) in solid tumours. 
Indeed, the study of drug transport in tumours is a significant area of mathemat-
ical modelling in itself and will not be discussed in further detail in the present 
review. The interested reader is referred to the papers by Jackson and Byrne 
[145, 146], Baxter and Jain [28, 29, 30, 31], Netti et al. [31, 214], McDougall et 
al. [197], Tracqui et al. [278], Adam and Panetta [11, 223], Wein et al. [296] and 
Ward and King [293] for some further examples. 
Cristini et al. [76] have recently published a novel formulation of the classical 
models by Greenspan [123], McElwain and Morris [200] and Byrne and Chap-
lain [53, 58], studying vascular tumour growth in the nonlinear regime using 
boundary-integral simulations. Three growth regimes were considered, corre-
sponding to low, moderate and high vascularisation. An interesting outcome of 
this modelling framework was the prediction that highly vascularized tumours, in 
spite of their unbounded growth, would maintain a compact shape without inva-
sive fingering, a prediction corroborated by the recent experimental observations 
of in vivo tumour growth by Nor et al. [217]. 
The study of a vascularized spherical carcinoma by Adam and Noren [10] is 
noted in closing, in which the authors analyse the solutions of the nonlinear time-
independent diffusion equation arising from a model of a spherically-symmetric 
vascularized carcinoma with a central necrotic core. 
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2.6. 7 Various Other Mathematical Models of Tumour Growth 
In addition to the models outlined in previous sections, some recent mathematical 
papers have encompassed a number of stages of tumour development, including 
the avascular and vascular phases, the intermediate period of angiogenesis, and 
eventual local invasion and metastasis. 
The review by Chaplain [66], for example, discusses these various stages of 
tumour growth by presenting a variety of mathematical ideas previously pub-
lished by Chaplain and co-workers [65, 67]. Although many of these modelling 
approaches have been discussed elsewhere in the present review, Chaplain juxta-
poses these models in order to present a unified treatment of the entire process 
of tumour development. 
In a similar manner, Chaplain and Preziosi [69] present a general discussion 
of a number of modelling frameworks, including lattice schemes and continuum 
models comprising either a single phase or multiple phases, for the study of 
tumour growth at the macroscopic level. Summaries of various aspects of the 
models by De Angelis and Preziosi [83], Anderson and Chaplain [16] and An-
derson et al. [17] are presented to give an overview of the subjects of avascular 
tumour growth, angiogenesis, invasion and tumour-host interactions. The model 
by De Angelis and Preziosi [83] is particularly noteworthy since it describes the 
continuous evolution of a tumour from the avascular stage to the vascular stage 
via the process of angiogenesis. 
The study of tumour interactions with the immune system has also attracted 
an abundance of mathematical models. An overview of this field of research 
has recently been published by Adam and Bellomo [7], who present an extensive 
review of the associated mathematical literature. 
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2. 7 Concluding Remarks and Open Problems 
Cancer is a leading cause of premature death in the Western World, and its 
study dates back to antiquity. This short treatise has presented an overview 
of the study of solid tumour growth with an emphasis on mathematical mod-
elling, beginning with the early work on diffusion in tissues by Hill [136] and 
culminating in the most recent models. The astonishing variety of theoretical 
approaches-from diffusion models of avascular tumours to multiphase models 
of vascular tumours, from travelling wave analysis of tumour invasion to models 
of cell migration by chemotaxis in multicell spheroids, from multi-species fluid 
models to single phase viscoelastic models, from stochastic models of metastases 
formation to multiphase models of necrosis formation-attest to the incredible 
complexities of the biological and physiological processes underlying solid tumour 
growth and invasion at molecular, cellular and macroscopic levels. Importantly, 
this overview has interwoven these theoretical studies with the relevant experi-
mental investigations, illustrating the crucial relationship between these different 
approaches, demonstrating how the field of cancer research has evolved through 
their interactions and elucidating the origins of our current understanding of the 
disease. 
The majority of mathematical models of solid tumour growth seem to have 
appeared in the literature since 1990, although many of these have extended the 
basic frameworks developed by investigators such as Greenspan [121, 122, 123], 
Burton [50] and McElwain and co-workers [200, 202] in previous decades. Math-
ematical models continue to appear in the literature at an extraordinary rate. 
Indeed, the lacunae in our understanding of tumour growth and invasion necessi-
tate a sustained input by mathematicians into current and future investigations, 
and provide the impetus for a continuing stream of new projects in mathematical 
oncology and ongoing collaborations between mathematicians and experimental-
ists. As explained by Gatenby and Gawlinski [113], 'it is clear from centuries of 
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experience in the physical sciences that the complex dynamics of systems domi-
nated by nonlinear phenomena such as carcinogenesis cannot be determined by 
intuition and verbal reasoning alone. Rather, they must be computed through 
interdisciplinary, interactive research in which mathematical models, informed 
by extant data and continuously revised by new information, guide experimental 
design and interpretation'. 
For this reason the relationship between theory and experiment is a crucial 
one, and one which will guide the progress of cancer research in the future. 
At the present time, the open problems in the study of tumour development 
are legion. For instance, an understanding of the phenomenological determinants 
of cell migration (discussed in Section 2.6.1), and whether it is an active or 
passive process, is lacking. Furthermore, the question of the nature of tumour 
cell migration is central to a number of consequential phenomena such as tumour 
invasion. If cell migration should prove a passive process, then invasion models 
such as those of Gatenby and Gawlinski [107, 108, 111, 112, 113] and Webb et 
al. [294, 295] would seem the more plausible and warrant further development 
and study. If migration be an active process, on the other hand, a whole new 
field of study would open in the quest to identify the agents responsible for the 
migration and their manner of influence. An active cell migration would endow 
the tumour invasion models by Perumpanani and co-workers with added standing 
[226, 228, 229], so that models of this type could offer crucial insights into future 
experimental studies and give rise to much-needed predictive tools. 
The collapse of tumour blood vessels is another poorly understood phenomenon, 
and one which is of fundamental importance to the administration of anti-cancer 
agents. The most striking experimental illustration of vascular collapse seems to 
be the classic work of Goldacre and Sylven [117] published in 1962. The pub-
lications by Brown et al. [47] and Leu et al. [173] offer more recent examples, 
although the nature of these experiments did not allow the investigators to make a 
positive link between the observed macroscopic behaviour and vascular collapse. 
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Very few mathematical models have been developed to explain the collapse of 
tumour vessels. Araujo and McElwain [21, 22, 23], Breward et al. [44] and 
McElwain et al. [199] have proposed very different mathematical paradigms for 
the genesis of tissue stresses and the accompanying patterns of collapsed blood 
vessels. 
Central to an understanding of tissue stress evolution is the necessity to iden-
tify the precise constitutive nature of growing tumour tissues - a characteristic 
which must be determined through future experimental study. The overwhelming 
majority of mechanical models of tumours consider the model to be an incom-
pressible fluid (such as the model by McElwain et al. [199]), or a mixture of 
such fluids (such as the model by Breward et al. [44]), either incorporating or 
neglecting viscosity. Breward et al. [43, 44] have extended the potential scope of 
multiphase fluid models by incorporating cell-cell interactions which bestow more 
active properties to the constitutive nature of the cellular phase than previous 
fluid models. Araujo and McElwain [19, 21], on the other hand, emphasise the 
importance of considering residual stresses, which necessitates a consideration of 
the solid characteristics of tissues. It is essential to recognise that each of these 
different approaches rely on vastly different phenomenological assumptions to re-
produce the patterns of vascular collapse demonstrated by Goldacre and Sylven 
[117] and Brown et al. [47], highlighting the fact that the associated underlying 
mechanisms are, as yet, not understood. 
Necrosis formation is also a very poorly understood aspect of tumour devel-
opment. While most mathematical investigators have attributed the presence of 
necrosis purely to depressed levels of oxygen or other vital nutrients, Please and 
co-workers [190, 234, 235] have argued that mechanical factors are paramount. 
At the present time, experimental studies have been unable to offer sufficient 
insights to distinguish between these possibilities. The distinction is certainly an 
important one, since the formation of necrotic regions appears to correlate with 
tumour aggressiveness, and further insights into necrosis formation may yield 
68 
fresh information on invasion and metastasis. 
Future combinations of ingenius experimental designs and astute mechanistic 
mathematical models will be imperative to elucidate these and other enigmas. 
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Abstract 
This paper examines the effect of anisotropic growth on the evolution of mechan-
ical stresses in a linear-elastic model of a growing, avascular tumour. This repre-
sents an important improvement on previous linear-elastic models of tissue growth 
since it has been shown recently that spatially-varying isotropic growth of linear-
elastic tissues does not afford the necessary stress-relaxation for a steady-state 
stress distribution upon reaching a nutrient-regulated equilibrium size. Time-
dependent numerical solutions are developed using a Lax-Wendroff scheme, which 
show the evolution of the tissue stress distributions over a period of growth until 
a steady-state is reached. These results are compared with the steady-state so-
lutions predicted by the model equations, and key parameters influencing these 
steady-state distributions are identified. Recommendations for further extensions 
and applications of this model are proposed. 
3.1 Introduction 
There have been a variety of approaches to the mathematical modelling of stresses 
in tumours. McElwain et al. [1], for example, have proposed a model where 
the spherical tumour is considered an incompressible fluid, and where pressure 
differences caused by cell proliferation, cell death and surface pressure govern 
the motion of cellular material. More recent fluid models have incorporated 
multiple constituents or phases (see, for example, Byrne et al. [2]). Nevertheless, 
mathematical models which consider tissue constituents as fluids provide no basis 
for examining the genesis of residual stresses in tissues- stresses which account for 
phenomena such as tumour vascular collapse [3] and opening angles in excised 
blood vessels [4]. Models which attempt to elucidate the development of such 
stresses must incorporate the solid characteristics of tissues since, as noted by 
Skalak et al. [5], residual stresses arise due to incompatibility of strains. 
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Jones, Byrne, Gibson and Dold [6] have developed a mathematical model 
which explores the effect of a spatially-varying growth rate on the distribution of 
mechanical stresses within a growing avascular tumour. The model has many fea-
tures in common with that proposed by Shannon and Rubinsky [7] in employing 
the constitutive principles of linear elasticity and considering tissue growth as an 
analogy to thermal expansion. The model by Shannon and Rubinsky, however, 
considers the effect of a given fixed growth-strain distribution, rather than an 
evolution of stresses over a period of growth. By contrast, the model presented 
by Jones et al. [6] accommodates the continuous nature of the growth process. 
In this regard, however, the model fails to predict a steady-state stress distri-
bution once the tumour has reached its nutrient-regulated equilibrium size and 
therefore does not truly reflect the growth-induced stresses in an avascular tu-
mour or multicell spheroid. Indeed, the model predicts that the compressive 
circumferential stresses in the peripheral region of an equilibrium-sized tumour 
increase approximately linearly with time, with a concomitant linear increase in 
the difference between the radial and circumferential stresses, the radial stresses 
being fixed at the boundary itself. 
Clearly, then, the model does not accurately represent the processes which 
occur in a growing tumour, and some modification is required in order to be 
useful in describing the evolution of growth-induced stresses in real tumours. 
The present paper considers some of the shortcomings of the model and pro-
poses a modification which, while adhering to the principles of linear elasticity, 
incorporates anisotropic growth, thereby attempting to model the growth process 
in a manner more representative of the observed behaviour of real tissues. The 
modified model does predict a steady-state stress distribution, and affords much 
insight into the mechanics of avascular tumour growth. 
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3.2 Summary of Model proposed by Jones et al. 
One of the most significant aspects of the modelling framework adopted by Jones 
et al. [6] is the use of 'single constituent' mechanics- which includes a source 
term in the balance of mass and an expansion term in the constitutive equation 
rather than mixture theory. In comparing these two techniques, Ambrosi and 
Mollica [8] note that mixture theory, 'while clarifying the real nature of the mass 
source, yields two well-known difficulties: the definition in terms of partial stresses 
... and the imposition of boundary conditions that typically involve continuity of 
physical quantities (mass flow, stress) that have a different meaning on the two 
sides of the boundary.' Hence, the single constituent framework is a simplifying 
strategy in which the constituents responsible for the source term in the balance 
of mass are implicit to the model. A significant shortcoming of this approach, 
however, is its failure to include the 'Darcy-like' drag terms in the equilibrium of 
forces. The validity of this modelling framework will be discussed in Section 3.5 
in the light of the predicted stress-distributions. 
Jones et al. [6] assume that the tumour consists of a single cellular phase where 
cells are either proliferating or dying, with no quiescent or necrotic regions. The 
cell proliferation, which is regulated by an inwardly-diffusing nutrient, is directly 
proportional to both the nutrient concentration and the cell density. Cell death, 
on the other hand, is proportional to the cell density alone. (This most strongly 
resembles the mode of cell death referred to as apoptosis.) Growth produces 
isotropic strain and is assumed sufficiently slow for inertial effects to be neglected. 
The tissue itself is considered to be linear-elastic and mechanically isotropic, with 
the cell density assumed constant. The main model equations, in dimensionless 
form, are summarised below: 
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Nutrient Concentration: 
Conservation of Mass: 
Equilibrium of Forces: 
Constitutive Equation: 
V.v=c E, 
V.u = 0, 
1 1 2 (Vv + VvT) = :3(V.v)8 
+ ~ [gt (3u- Tr(u)8] , 
(3.1) 
(3.2) 
(3.3) 
(3.4) 
where c, v and u are dimensionless quantities denoting the concentration of nutri-
ents, the velocity of cells in the growing tissue and the stress tensor respectively. 
The dimensionless parameter, E, is given by 
k 
E =aGo' (3.5) 
where a and k are positive constants relating to the rates of cell-proliferation 
and cell-death respectively, C0 being the nutrient concentration at the tumour 
boundary. Note that Equation (3.4) is the material derivative of the constitutive 
equation of linear elasticity. 
Since no mechanical interactions between the tumour and its surroundings 
are considered in this model, CYr = 0 at the outer boundary r = a(t), where 
CYr denotes the radial stress component. Moreover the nutrient concentration is 
scaled with C0 (assumed constant), which gives rise to the boundary condition 
c = 1 at r = a(t). Assuming that the tumour is initially free of stress then gives 
the initial condition u = 0 at t = 0. 
For a spherically-symmetric tumour, with the given boundary conditions, the 
model equations reduce to: 
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a sinh r 
c(r, t) = . h , 
rsm a 
( ) _ a(rcoshr- sinhr) _ Er v r, t - 2 . h , r sm a 3 
da 1 Ea 
- = v (a t) = coth a - - - -dt ' a 3' 
OCYr + 2/3 = O, 
or r 
8/3 + v 8{3 = ~r~ (~) 
at or 3 or r ' 
(3.6) 
(3.7) 
(3.8) 
(3.9) 
(3.10) 
where v is the radial velocity, ar is the radial component of stress, a0 is the 
circumferential (or azimuthal) stress, both of which are principal stresses in view 
of the tumour's spherical symmetry, and f3 is the difference between the radial 
and circumferential stresses, ie. 
(3.11) 
The reader is referred to the original paper for a detailed derivation of the mod-
elling equations and explanations of the main assumptions. 
3.3 Results Predicted by the Model by Jones et 
al. 
As in the original paper, a value of E = 0.1 is used for the model solutions, which 
implies a low death rate in comparison with the maximum possible growth rate 
and gives rise to an equilibrium-size tumour with a'""' 29, where the proliferation 
and death balance is achieved with a large growth rate in the peripheral shell 
and a low death rate throughout the tumour. The distribution of stresses for a 
tumour which is initially stress-free and at its equilibrium size is given for various 
times in Figure 3.1. 
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Figure 3.1: /3 (the difference between the radial stress and the circumferential stress), the radial 
stress and the circumferential stress, as a function of radius, for various times. The tumour is 
initially stress-free and at its equilibrium size (a '"'""'29). 
3.4 A New Model of Stress Evolution During 
Avascular Tumour Growth 
One of the important simplifications of the model by Jones, Byrne, Gibson and 
Dold is the assumption of equal growth in all directions. The implications of this 
assumption are most clearly seen at the boundary of the equilibrium-size tumour. 
Since this outermost shell is stationary while proliferation continues equally in 
all directions, the circumferential stresses have no opportunity for relief by radial 
movement, which would allow the shell to expand. Indeed, a consideration of 
the material velocity (see Figure 3.2) shows that the material velocity is negative 
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everywhere, except at the core (r = 0) and the boundary (r = a) where it is 
zero, illustrating that the tumour is effectively growing inwards, with material 
'disappearing' throughout its volume as a result of cell death. In practice, it 
-0.1 
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Figure 3.2: The velocity of an annulus of tissue, as a function of radius. The tumour is at its 
equilibrium size, a'"" 29, for E = 0.1. 
is likely that tissue growth would not occur uniformly in all directions, with 
daughter cells tending to be directed along the path of least resistance. Indeed, 
the experiments by Helmlinger et al. [17], where LS174T cells were grown in 
an orthotropic stress field, attest to this phenomenon. In these experiments, the 
cell aggregates grew preferentially in the direction of least stress to form ellipsoid 
shapes, in contrast to the control cell aggregates grown in free suspension which 
developed as nearly perfect spheroids. 
This observed phenomenon of anisotropic growth forms the basis of the cur-
rent model. Here, proliferation in a spherically symmetric tumour is uniform 
in all directions if and only if the radial and circumferential stresses are equal, 
that is, when (3 = 0. (It is· noted in passing that a non-zero value of (3 indi-
cates the presence of shear stresses in non-principal directions). If (3 increases, 
which implies that circumferential stresses become more compressive than radial 
stresses, growth in the circumferential directions begins to reduce in favour of 
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radial growth until f3 reaches a critical value at which growth is purely radial. 
Similarly, if f3 decreases, radial growth reduces until a critical value at which 
growth is purely circumferential. 
Cell death, however, has the opposite tendency. This model does not explicitly 
consider the details of the process whereby dying cells break down and release 
water and the movement of this released water to other parts of the tumour 
[23]. Normally this water would be taken up by other cells during proliferation 
and growth. Instead, the model accounts for these processes by considering that 
material is 'removed' at some points within the tumour and 'created' at other 
points, neglecting the fluid transport which produces this overall result. 
Importantly, a significant simplification of both this model and that presented 
in Jones et al. [6] is that they do not account for the presence of a necrotic region 
or any extracellular matrix, both of which are known to exist in real tumours, 
both avascular and vascular. With this model framework in mind, a dying cell 
must evacuate its space, its water and other cellular fragments being transported 
and taken up elsewhere. The tissue stresses, however, would force the extant cells 
in its immediate vicinity into the vacated volume. Since it is the tissue stresses 
which drive the reorganisation of cells, it is assumed that live cells move towards 
the vacated spaces along the directions of greatest compressive stresses. Indeed, 
by this mechanism cell death would afford the greatest stress relief. 
This means that if radial and circumferential stresses are equal (/3 = 0), 
cell death is an isotropic process with the surrounding live cells moving inwards 
equally from all directions to reoccupy the evacuated space. As /3 increases, the 
compressive stresses become greater in the circumferential directions, causing 
the movement of live cells from the circumferential directions to dominate the 
elimination of the dying cell. Similarly, if stresses are more compressive in the 
radial direction, with f3 < 0, the radial movement of live cells is dominant. At 
critical values of {3, cell death becomes a purely circumferential, or purely radial, 
process. 
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3.4.1 Development of Model Equations 
To model cell proliferation and cell death separately in a linear-elastic, spherically-
symmetric tumour, with each process having its own anisotropic characteristics, 
the material derivative of the constitutive equation (3.4) is now expressed in a 
more general form by 
av 
0 0 
ar 
0 
v 
0 
r 
0 0 
v 
-
r 
+ ~ (!!__ + vj_) 
2 at ar 
gr 0 0 
0 ge 0 
0 0 g,p 
20"r - O"(J - 0"¢ 0 
0 20"e - O"r - 0"¢ 
0 0 
0 
0 (3.12) 
Here gr and ge denote the radial and circumferential rates of growth strain re-
spectively. Taking the trace of (3.12) gives 
av 2v 
ar + -;: = gr + 2ge g' (3.13) 
so that g is the sum of the principal growth strain rates or the rate of change in 
volume of a material element due to growth. 
Now, in order to distinguish between the processes of cell-proliferation and 
cell death, the relation 
g=q-h (3.14) 
is introduced, which states that the total volumetric growth rate, g, is composed 
of a positive volumetric growth rate due to cell proliferation, q, and negative vol-
umetric growth rate due to cell death, -h. Equation (3.13) can now be expressed 
by 
av 2v 
-a +- = (qr + 2qe)- (hr + 2he). 
r r 
(3.15) 
Letting qr = rJrq and qe = rJeq, and letting hr = (rh and he = (eh, each component 
of the rate of strain is expressed as a proportion of the volumetric growth rate. 
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Therefore, 
'flr + 2rJo = 1 
and 
(r + 2(o 1. 
Thus, 'flr and rJo may be considered the radial and circumferential proliferation-
strain multipliers, respectively, while (r and (9 are the radial and circumferential 
apoptosis-strain multipliers respectively. 
Recall from Equation (3.2) in Section 3.2 that 
ov 2v 
V.v= ~+ =c-E, 
ur r 
where c and E reflect the extent of cell proliferation and cell death respectively, 
which suggests that q = c and h = E. The radial component of Equation (3.12) 
may now be expressed by 
(3.16) 
It is noted that this equation can also be produced from the circumferential 
component of Equation (3.12). 
It now remains to select suitable values for the growth-strain multipliers, 'flr 
and (r. Based on the qualitative description of the directional dependence of cell 
proliferation and cell death on (3 given in Section 3.4, the following relations are 
proposed (see Figure 3.3): 
and 
(, = ~ ~tanh(\fJ+tanh-1 m) 
Note that when 'flr = 1 (and 'flo = 0), cell proliferation is a purely radial process, 
1 
whereas when 'flr = 0 (and 'flo = 2), cell proliferation is a purely circumferential 
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Figure 3.3: The Dependence of the Growth-Strain Multipliers on (3 (A = 3). 
process. Similarly, when (r = 1 (and (e = 0) , cell death is a purely radial process, 
1 
and when (r = 0 (and (e = 2), cell death is a purely circumferential process. 
In these equations, the parameter ). reflects the degree to which the anisotropic 
characteristics of the proliferation and death processes are sensitive to the stress 
difference, /3. 
Thus, the model equations are summarised as follows: 
where 
and 
( ) a sinh r crt=-----
' r sinh a 
v(r, t) = 
2 
~ h (rcoshr- sinhr)- t
3
r, 
r sm a 
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(3.17) 
(3.18) 
(3.19) 
(3.20) 
and 
(3.21) 
Following Jones et al. [6], the boundary conditions c = 1 and O"r = 0 at r = a 
are adopted, with the initial condition u = 0 at t = 0. Note that, in the context 
of stresses, 'greater than' means 'numerically greater than', ie. less compressive. 
Note also that for isotropic growth, with 'f/r = 'f/B = (r = (B = ! for all values of 
(3, the equations reduce to those presented in Jones et al. [6]. 
3.4.2 Model Results 
Numerical Methods: Time-Dependent Solution 
Equation (3.17) was solved for f3 using the Lax-Wendroff method outlined by 
Jones et al. [6], which consists of a grid of evenly-distributed moving points. 
The results were verified using an algorithm based on the method of character-
istics, albeit with much longer computing times, and with the disadvantages of 
unequally-spaced gridpoints and the tendency to develop instablities for solutions 
at large times. 
The iteration formula is given by 
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where 
av 
"/ ar - 'flrC + (rE, 
which is the right-hand side of Equation (3.17), and 
z 
ui,j = v(a, tj)-. -, 
'tmax 
denotes the speed of the i-th grid point, i and j being the spatial and temporal 
counters respectively, and imax being the number of gridpoints. At each time-
step, the parameters 'flr and (r are calculated based on the f)-distribution at the 
previous time-step, which requires that the time-increment, tlt, be kept suitably 
small. Further, the tumour core and outer boundary are characterised by 
(3.22) 
at the tumour core (obtained by taking the limit of Equation (3.18) as r -+ 0, 
noting that a:: = 0 by symmetry), and 
and 
da 1 m 
- = coth a - - - -dt a 3 
d;JI 2 E 2 
- = 1 + 2---- coth a- 'flr(a) + (r(a)E 
dt r=a a 3 a 
at the tumour periphery. 
Further, in the current model, 
a"' 
at 
da (sinh a a cosh a) ( (r2 + 2- r2'flr) sinh r- 2r cosh r) 
dt sinh2 a r3 
- +-E a'flr (a sinh r) a(r 
at r sinh a at 
= da (sinh a- a cosh a) ( (r2 + 2- r2'flr) sinh r 2r cosh r) 
dt sinh2 a r3 
_ d'flr a{J (a sinh r) + d(r a[J E 
d;J at r sinh a d;J at ' 
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(3.23) 
(3.24) 
where 
and 
Similarly, 
d'T]r 
d/3 
aj3 - av - (a sinh r) ;- - aj3 
a - a 'TJr . h + <:,rE V a . t r rsm a r 
~~ = Cin~a) ((r3 +6r)coshr-(3r2 +6)sinhr) ~~ (;:::~:) 
_ (-a-) (rcoshr- sinhr) a(r 
TJr . h 2 + a E, sm a r r 
· h h · · aj3 arJr d a(r b · db h 1 d·.cr w1t t e quant1t1es ar, ar an ar to e approximate y t e centra- 1uerence 
equations 
aj3ij - /3i+l,j-1 /3i-1,j-1 
ar 2.6.r 
a'TJrij _ 'TJri+1,j-1- 'TJri-1,j-1 
ar 2.6.r 
and 
a(rij (ri+l,j-1 - (ri-1,j-1 
ar 2.6.r 
respectively. 
Having solved for /3, the radial stress, CJn may then be determined from Equation 
(3.18) by a Runge-Kutta scheme (for example). The circumferential stress, CJf}, is 
then given by Equation (3.19). Numerical solutions for a tumour which is initially 
stress-free and at its equilibrium size (a V'\ 29 for E = 0.1) using ..\ 100,50, 10 
are given in Figures 3.4, 3.5 and 3.6. Numerical solutions for a tumour which 
is initially stress-free but smaller than its equilibrium size (a = 15, E = 0.1) are 
shown in Figure 3.9. 
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Steady-State Solution 
At steady-state the stress distribution is given by 
8(3 
8r v ' (3.25) 
where lim I = 0. This permits a numerical solution by Euler's Method (for 
r-tO V 
example), integrating from r = 0 to r = a. The results of these steady-state 
solutions are shown in Figures 3.7 and 3.8 for A= 100,50, 10. 
The validity of these solutions may be verified by noting that at the right-hand 
boundary where r = a, 
da 1 Ea 
= cotha----dt a 3 
and 
d{J 2 E 2 
dt = 1 + a2 - 3 - -;;, coth a - 'rfr (a) + (r (a) 
= 1- E- 'rfr(a) + (r(a). 
Incorporating the definitions for 'rfr and (r given in Equations (3.20) and (3.21) 
now gives rise to a single transcendental equation for (J(a), 
1-<-tanh (v>( a )+tanh - 1 (-D )-<tanh (Vl( a )+tanh - 1 G) ) = 0, (3.26) 
which can be solved numerically. The corresponding values of 'rfr and (r may then 
be determined from their definitions. Equation (3.26) shows that the product 
A(J(a), and consequently the values of 'rfr(a) and (r(a), are functions of E alone 
and that for a given value of E, (J(a) is inversely proportional to A. 
These observations constitute a check on the numerically-determined steady-
state stress distributions. 
3.5 Discussion of Results 
One of the inherent difficulties in the mathematical modelling of living tissues, 
being a particularly complex class of materials, is determining an appropriate 
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Figure 3.4: The distributions of (3, CTr, CT()' "lr and (r for A. = 100. The tumour is initially 
stress-free and at its equilibrium size (a"" 29), with t = 0.1. In each case the time-increment 
is Llt = 0.001, and results are plotted every 100 time-increments until t = 1 by which time the 
solutions appear to have reached a steady-state. 
constitutive relation [15]. Nevertheless, many authors assert that their behaviour 
is viscoelastic [1 4, 19] since traction tests demonstrate that the shape of the stress-
strain curves depends on the strain-rate at which the tests are performed. Mow 
and co-workers [18] further allude to the insufficie.ncy of simple, linear-elastic laws 
to accommodate the viscoelastic creep and stress-relaxation behaviours of various 
hydrated soft tissues. Indeed the model by Jones et al. [6], being a linear-elastic 
model of isotropic growth, emphasises that a mathematical model which makes 
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no provision for stress-relaxation is inappropriate to represent the mechanical 
behaviour of a growing tissue. The elasticity must be regularised [24]. 
Several alternative approaches may better reflect the established responses of 
soft tissues. One is to incorporate the constitutive principles of viscoelasticity 
directly into the modelling equations. It is noted, however, that such a measure 
lends considerable complexity to the model, since it has been shown by Boehler 
[10] that the general isotropic representation of the viscoelastic potential, being 
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dependent on both strain and strain-rate, is a function of ten invariants. Alterna-
tively, a multiphase model which makes explicit consideration of mass exchanges 
between cellular and extra-cellular phases during growth would provide a more 
detailed and realistic model. One of the great complexities of this approach, how-
ever, lies in deriving thermodynamically appropriate constitutive laws for each 
phase when there are mass-exchanges between phases [11, 20, 21] . Moreover, as 
noted by Lubkin and Jackson [24], the introduction of multiple phases is, of itself, 
unable to impart stress-relaxation to the constitutive law. 
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The present paper demonstrates that an anisotropic description of avascular 
tumour growth provides some relief of growth-induced stresses while adhering to 
the principles of linear elasticity. Thus, the elasticity has been regularised in a 
very novel way by incorporating the stress-relaxation into the growth term of the 
constitutive equation. Experimental validation of this anisotropic model would 
therefore render it a most powerful tool, since its simplicity readily elucidates 
the mechanics of the growing t issue, and is thus conducive to an enhanced under-
standing of tumour physiology. It also represents an important refinement of cur-
rent tumour modelling, based on experimental observations of the phenomenon 
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of anisotropic growth. The experiments by Helmlinger et al. [17] clearly attest to 
the fact that the directional characteristics of growth are highly dependent upon 
the prevailing external stress-field, illustrating that tumour cell aggregates grow 
preferentially in the direction of least stress. 
The precise nature of the dependence of growth's anisotropic tendencies on 
surrounding stresses is yet to be determined. In this model , the dependence has 
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stresses have approximately reached a steady-state. 
been modelled by a hyperbolic tangent function which tends asymptotically to 
unity for large values of {3, the difference between the radial and circumferential 
1 
stress components, while assuming the isotropic value of 3 for f3 = 0. (Note that 
in this model, where f3 is initially zero, and proliferation decreases monotonically 
from the tumour surface to the tumour core, f3 is always greater than or equal to 
zero.) This function incorporates the parameter A which reflects the magnitude 
of the stress-difference required to bring about a given degree of anisotropy. A 
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large value of .A, for instance, means that a relatively small difference between 
radial and circumferential stresses is required for proliferation (growth) to be 
purely radial, and apoptosis purely circumferential. Conversely, a small value of 
.A means that the processes of proliferation and death are relatively insensitive to 
the prevailing stress-fields, and radial and circumferential stresses must be vastly 
different before the processes assume these uni-directional tendencies. 
Various other features of the model are noted. While it has been assumed here 
that the hydrostatic pressure at the tumour boundary is zero, the model's linear 
nature means that the stresses present in the growing tumour for different external 
pressures are given by the principle of superposition. Thus, the surrounding 
hydrostatic pressure is simply added to both the radial and circumferential stress-
components given by this model. 
In addition, Equation (3.26) in section 3.4.2 indicates that the steady-state 
values of the proliferation-strain multiplier, rJr, and the apoptosis-strain multi-
plier, (n at the tumour surface depend only on the parameter, E. Hence, these 
steady-state values depend only upon the ratio of the cell death rate to the 
maximum possible proliferation rate. Equation (3.26) also illustrates that the 
steady-state value of f3 at the tumour surface is inversely proportional to the 
parameter, .A. Thus for a given value of E, a large value for .A gives rise to small 
steady-state values of {3, while a small value for .A gives rise to large steady-state 
values of {3. This is expected since the value of .A reflects the sensitivity of the 
degree of anisotropy to the value of {3, such that the development of growth-
induced stresses is more readily arrested for larger values of .A. Note that neither 
the steady-state distribution of {3, nor those for ar (the radial stress) or ao (the 
circumferential stress), depend on the initial size of the tumour (see Figure 3.9). 
This model may be extended in a number of ways. The presence of a three-
layered structure, with an outer shell of proliferating cells, an intermediate layer 
of quiescent cells and a central core of coagulative necrosis, could be included, 
thereby lending further insights into tumour growth mechanics. Mathematical 
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models of avascular tumours and multicell spheroids developed to date frequently 
incorporate this aspect (see for example [13) and [22]). The model could also be 
used to study vascular tumours [12) and the development of tumour cords [9), 
and to elucidate the observed phenomenon of vascular collapse [16). 
It is noted in closing that since this 'single constituent' model does not include 
the transfer of momentum terms associated with interactions between the cellular 
phase and other (implicit) phases -a simplification which has implications for 
the equilibrium of forces - the insights into the precise distributions of stresses 
gleaned from this model should be used with caution. Nevertheless it is essen-
tial to recognise that these momentum transfer terms will not be unbounded, 
remaining very small owing to the fact that the growth of biological tissues is 
slow [20). By contrast, the elastic stresses as predicted by the model by Jones et 
al. [6) are unbounded, increasing approximately linearly with time. Therefore, 
after a period of growth, the elastic stresses will dominate the momentum trans-
fer terms. In the present model, however, which arrests the evolution of elastic 
stresses, it is possible that the effect of the momentum transfer terms may not 
be negligible if stresses are arrested very readily, ie. for larger values of A. Thus, 
the implications of the momentum transfer terms for the nature and distribution 
of growth-induced stresses in tissues should be studied further using multiphase 
approaches. (Note that multiphase growth models still require the elasticity to 
be regularised using a method such as the one developed in the present paper 
[24]). 
3. 6 Conclusions 
This paper presents a linear-elastic model of anisotropic tumour growth, which 
represents an important development in the mathematical modelling of tumour 
tissue. It has been noted that this anisotropic model provides significant stress-
relaxation in comparison with its isotropic counterpart by Jones et al. [6), and 
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in so doing, bestows many of the advantages of more complex, viscoelastic rep-
resentations, while retaining the simplicity of a linear model. Most significantly, 
it also reflects the experimental observations reported by Helmlinger et al. [17] 
which attest to the sensitivity of the directional characteristics of growth to the 
prevailing stress-field. Both time-dependent and steady-state solutions have been 
presented, and the influence of various parameters on the steady-state stress dis-
tributions has been noted. 
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Abstract 
This paper employs the constitutive principles of linear elasticity to examine the 
nature of growth-induced stresses in soft tissues. An analysis of the simpler case 
of isotropic growth gives insight into the effect of the spatial non-uniformity of the 
growth process on both the nature and distribution tissue stresses. Anisotropic 
growth is also considered, illustrating its role in relieving growth-induced stresses. 
The genesis of growth-induced stresses in soft tissues has important implications 
for a variety of physiological phenomena, including the collapse of blood vessels 
in solid tumours. 
4.1 Introduction 
The evolution and spatial distribution of tissue stresses is of fundamental im-
portance in a number of physiological phenomena. The experimentally-observed 
phenomenon of vascular collapse in tumours, for example, which has been at-
tributed to the elevated tissue stresses resulting from confined proliferation of 
tumour cells [1], represents a significant barrier to the delivery of blood-borne 
therapeutic drugs. Such stresses are residual in nature, arising in the tissue when 
it is free of external loads, and result from the incompatibility of growth strains 
[2, 3, 4]. 
Fung [5] further notes the existence of residual stresses in living organs and 
highlights the importance of such stresses to physiological functions, asserting 
that 'in a living organism, the function of its organs depends on the levels of 
their internal stress and strain'. 
Hence continuum models of growing tissues provide a theoretical framework 
for a wide range of studies in biology, ranging from tumour biology and anti-
cancer therapies, to studies in embryology and developmental biology, in addi-
tion to providing tools for prediction and analysis for a wide range of projects in 
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the rapidly growing field of tissue engineering. Importantly, Gatenby and Maini 
[6] have noted that 'clinical oncologists and tumour biologists possess virtually 
no comprehensive theoretical model to serve as a framework' for organizing the 
information and data furnished by experimentalists, noting the necessity to ' (de-
velop) mechanistic models that provide real insights into critical parameters that 
control system dynamics.' 
Determining an appropriate constitutive law-one of the inherent complexi-
ties in the mathematical modelling of soft tissues-is a crucial aspect of a con-
tinuum model of tissue growth. Jones et al. [7] have proposed a single-phase 
linear-elastic model of isotropic tumour growth, appealing to an analogy with 
thermal expansion to model the growth process. However, linear-elastic models 
of isotropic growth are insufficient to describe the evolution of stresses in a grow-
ing tissue since they do not incorporate the crucial aspect of stress-relaxation, 
thereby preventing a steady-state stress distribution from being reached once the 
tissue reaches a nutrient-regulated equilibrium size. Araujo and McElwain [8] 
have developed a linear-elastic model of anisotropic growth which overcomes the 
shortcomings of the model by Jones et al. in a very novel way by incorporating 
stress-relaxation into the growth term of the constitutive equation, rather than 
appealing to more complex viscoelastic theory. 
This paper presents an analysis of the constitutive equations associated with 
the thermoelastic analogy for the mathematical description of growth [2, 7] in 
order to elucidate the genesis of residual stresses in soft tissues. 
4.2 Anisotropic Growth of a Compressible Ma-
terial 
The analysis presented here represents an extension of the theory of thermal 
stresses [9] to incorporate anisotropic expansion (see Araujo and McElwain [8]). 
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The effect of a given fixed growth-strain distribution is considered [2], rather than 
an evolution of stresses over a period of growth [7]. Moreover, spherical symmetry 
is assumed, which has particular relevance to solid tumour growth. 
Hence, the constitutive equation of linear elasticity is given in component 
form by 
1 
Er- 'Yr9 = E (O"r - 2VO"e) (4.1) 
1 
EIJ- "(eg = E (O"e- v(O"r + O"e)), (4.2) 
where Er and Ee denote the actual radial and circumferential strains respectively, 
and g = g(r) denotes the relative volume change due to growth. The anisotropic 
multipliers, 'Yr and ry8, represent the proportion of the volumetric growth directed 
into the radial and circumferential directions respectively. 
Thus, 
(4.3) 
The constants E and v denote Young's modulus and Poisson's ratio respectively. 
Equations (4.1) and (4.2) may be arranged to give 
O"r = (1 + v)~ _ 2v) ( (1- v)Er + 2vEe- ((1- v)ryr + 2vry8 ) g) 
(1 + v)~1 _ 2v) ( (1- v) ~~ + 2v~- ((1- 2v)ryr + v) g) (4.4) 
for the radial stress, and 
(4.5) 
for the circumferential stress, where u is the radial displacement. Now, neglecting 
inertial effects and external body forces, the conservation of momentum requires 
that 
OO"r 2(3 _ O 
:::1 + - ' ur r 
(4.6) 
136 
where 
(4.7) 
Substituting Equations ( 4.4) and ( 4.5) into Equation ( 4.6) yields 
! (:,;(r'u)) = l~v[(v-(2v-l)'y,):; 
- (3(2v- 1) 'Yr + (2v- 1) Ehr- (2v- 1)) g]. (4.8) 
r ar r 
This is the general equation for the displacement in a growing linear-elastic ma-
terial, considering both anisotropy and compressibility. Two simplifications will 
now be considered: 
1. Isotropic growth of a compressible material, 
2. Isotropic and anisotropic growth of an incompressible material. 
4.3 Isotropic Growth of a Compressible Mate-
rial 
When growth is isotropic, 7r ='Yo=~' so that Equation (4.8) reduces to 
a ( 1 a 2 ) 1 ( 1 + v) ag 
ar r2 ar ( r u) = 3 1 - l/ ar ' (4.9) 
whose solution is 
(4.10) 
where C1 and C2 are constants of integration. The term in C2 must be excluded, 
however, for the displacement to be bounded in the centre of the tumour, since 
u = 0 at r = 0 by symmetry. Considering a sphere of radius a with a constant 
hydrostatic pressure of-pat the surface (ie. O'r = -pat r =a), the constant C1 
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may be determined from the substitution of Equation (4.10) into Equation (4.4). 
(Note that by the convention adopted here, compressive stresses are negative.) 
Therefore, the constitutive equations are given by 
(4.11) 
and 
(4.12) 
The quantity (3, being the difference between the radial and circumferential stress 
components, will now be used to study the genesis of tissue stresses since it is 
independent of both the external hydrostatic pressure and the outer radius of the 
tissue, and determines the distribution of stresses as reflected in Equation ( 4.6). 
Subtracting Equation (4.12) from Equation (4.11) now gives 
(3 E [ 3 r -2d-] 
= 3 ( 1 - v) 9 - r 3 } 
0 
gr r · (4.13) 
Note, however, that the volume average of g in a sphere of tissue of radius r is 
so that 
31r -2d-9av = 3 gr r, 
r o 
E 
{3 = 3(1- v) (g- 9av)· 
Further, appealing to Equations (4.6) and (4.7) gives 
0(Jr 2E ( ) 
or 3r(1- v) Yav- g 
and 
0(}'() E (1 o9 ) 
or = 3(1- v) -;.(g- Yav) - or . 
(4.14) 
(4.15) 
(4.16) 
(4.17) 
The nature of the induced stresses is now considered for two growth distributions: 
1. Volumetric growth, g, decreases monotonically with radius, 
2. Volumetric growth, g, increases monotonically with radius. 
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Figure 4.1: Growth, g, which decreases monotonically with radius (a), and increases monoton-
ically with radius (b). 
4.3.1 Case 1: g monotonically decreasing with r 
As shown in Figure (4.1a), when growth decreases monotonically with radius, 
the volume average of the growth in a sphere of the tissue of radius r is always 
greater than the growth at r, except at r = 0 where the two quantities are equal. 
Therefore, Equation (4.15) shows that f3 is always negative, implying that the 
circumferential stress, a0, is always greater (or less compressive) than the radial 
stress, ar. Moreover, Equation (4.16) shows that the rate of change of ar with 
radius is always positive under these circumstances, so that ar increases with 
radius, reaching a maximum value of -p at the tissue boundary, r = a. In the 
case of the circumferential stress, ao, on the other hand, Equation ( 4.17) suggests 
that its rate of change with radius may be positive or negative, depending on 
the precise nature of the spatial distribution of the growth since ~~ is always 
negative. 
139 
4.3.2 Case 2: g monotonically increasing with r 
In contrast to the previous case, Figure (4.1b) shows that when growth increases 
monotonically with radius, the volume average of the growth in a sphere of the 
tissue of radius r is always less than the growth at r, except at r = 0 where 
the two quantities are equal. Therefore, Equation (4.15) shows that j3 is always 
positive, implying that the circumferential stress, CJo, is always smaller (or more 
compressive) than the radial stress, CJr· Moreover, Equation (4.16) shows that 
the rate of change of CJr with radius is always negative under these circumstances, 
so that CJr decreases with radius, reaching a minimum value of -p at the tissue 
boundary, r =a. In the case of the circumferential stress, CJo, on the other hand, 
Equation ( 4.17) suggests that its rate of change with radius may be positive or 
negative, depending on the precise nature of the spatial distribution of the growth 
. ag . 1 .. SinCe or IS a ways pOSitiVe. 
4.4 Isotropic and Anisotropic Growth of an In-
compressible Material 
For an incompressible material, v = ~' so that the constitutive equation reduces 
to 
j3 
Er- "frg = E (4.18) 
and 
j3 
Eo- "frg =- 2E' (4.19) 
taking the trace of which enables the general equation of motion, Equation ( 4.8), 
to reduce to 
The solution of Equation ( 4.20) is 
1 1r -2 - c3 u= 2 gr dr+ 2 , r 0 r 
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(4.20) 
( 4.21) 
where C3 is a constant of integration. The term in C3 must be excluded, however, 
for the displacement to be bounded in the centre of the tissue, since u = 0 at 
r = 0. Hence 
so that 
and 
1 lr -2d-U = 2 gr r, r o 
au 21r -2 -
Er = -;:} = - 3 gr dr + g 
ur r 0 
U 1 lr -2d-Eo - =- gr r. 
r r3 o 
(4.22) 
(4.23) 
(4.24) 
Substituting Equations ( 4.23) and ( 4.24) into the constitutive equations gives 
2E (3 = 3(3'Yo9 9av)· (4.25) 
If growth is isotropic, with 'Yo = ~' then 
2E f3 = 3(g- 9av), (4.26) 
which is identical to Equation (4.15) with v =~so that the reasoning presented 
in Section 4.3 applies. Nevertheless, the anisotropic growth-strain multiplier 'Yo is 
able to reduce growth-induced stresses. Indeed, for a given growth-strain distri-
bution, g = g(r), Equation (4.25) suggests that at every radius r, there exists a 
critical value of 'Yo = 'Yo such that (3 0 throughout the tissue, which implies that 
OCJr or = 0 and ar ao = -p everywhere. However, it is important to recognise 
that the anisotropic multipliers may only assume values within the ranges 
0 < 'Yr < 1 and 
1 
0 <'Yo< 2' (4.27) 
where bn 'Yo) = (1, 0) corresponds to purely radial growth, bn 'Yo) = (0, D 
corresponds to purely circumferential growth and ( 'Yr, 'Yo) 
to isotropic growth. 
For the growth distribution 
a sinh r 
g= . h ' rsm a 
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( ~, ~) corresponds 
(4.28) 
for example, which is similar to that adopted by Jones et al. in [7] for an avascular 
tumour, the critical anisotropic multiplier 'Yo is given by 
* coth r 1 
'Y =----0 r r2· (4.29) 
Since 'Yo is a monotonically decreasing function whose maximum value is 'Yo = ~ 
at r = 0 with lim 'Yo = 0, 'Yo satisfies the constraint ( 4.27) for all values of r. 
r-+oo 
Therefore, it is possible for the tissue to remain stress-free by growing anisotrop-
ically with 'Yo = 'Yo and 'Yr = 1 - 2"(0. 
For the growth distribution 
(4.30) 
on the other hand, which is similar to that adopted by Araujo and McElwain in 
[10] for a vascular tumour, 
5a2 - 3r2 
* 
'Yo = 15a2 - 15r2 · (4.31) 
In this case, 'Yo > 0 for all values of r, since 0 :::; r :::; a. Furthermore, 'Yo :::; ! only 
when r :::; 1 a. Therefore, it is possible for the inner sphere of tissue r :::; 1 a to 
remain stress-free by growing anisotropically with 'Yo = 'Yo and 'Yr 1 - 2"(0. In 
the outer shell where 1 a < r < a, growth-induced stresses will prevail for any 
choice of anisotropic growth-strain multiplier within the range specified by the 
constraint (4.27). Nevertheless, the stresses will be reduced when 
1 1 
-<rvo<-3 I - 2 and 
4.5 Concluding Remarks 
1 
0 :S "/r < 3· (4.32) 
The analysis presented in the present paper has shown the relationship between 
the spatial distribution of the growth process and the nature and distribution 
of growth-induced stresses in a tissue with spherical symmetry. Further, it has 
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shown that the process of anisotropic growth is able to reduce-and in some 
cases, prevent-growth-induced stresses. 
However, this does not necessarily imply that growing tissues would remain 
stress-free, even if theoretically possible. Araujo and McElwain [8], for example, 
define anisotropic growth-strain multipliers as a function of (3 = O'r - a0 so that 
stresses are gradually arrested as (3 evolves until a steady-state stress distribution 
prevails when the anisotropic multipliers reach their critical values. 
Moreover, the analysis shows that critical values of the anisotropic multipli-
ers do not always exist within their limited physical range. Thus, anisotropic 
growth is not always able to impart sufficient stress-relaxation to a linear-elastic 
constitutive law for stresses to reach a steady-state over a period of growth. In 
such cases, a more complicated model incorporating viscoelastic effects may be 
needed to furnish a mathematical framework for the study of residually-stressed 
tissues. 
143 
144 
Bibliography 
[1] Y. Boucher and R.K. Jain. Microvascular pressure is the principal driving 
force for interstitial hypertension in solid tumours: Implications for vascular 
collapse. Cancer Research, 52:5110-5114, 1992. 
[2] M.A. Shannon and B. Rubinsky. The effect of tumour growth on the 
stress distribution in tissue. Advances in Biological Heat and Mass Transfer, 
231:35-38, 1992. 
[3] R. Skalak, S. Zargaryan, R.K. Jain, P.A. Netti, and A. Hoger. Compatiblity 
and the genesis of residual stress by volumetric growth. Journal of Mathe-
matical Biology, 34:889-914, 1996. 
[4] Y.C. Fung. Stress, strain, growth, and remodeling of living organisms. Math 
Phys, 46 (Special Issue):S469-S482, 1995. 
[5] Y.C. Fung. What are the residual stresses doing in our blood vessels? Annals 
of Biomedical Engineering, 19:237-249, 1991. 
[6] R.A. Gatenby and P.K. Maini. Cancer Summed Up. Nature, 421(3):321, 
2003. 
[7] A.F. Jones, H.M. Byrne, J.S. Gibson, and J.W. Dold. A mathematical model 
of the stress induced during avascular tumour growth. Journal of Mathemat-
ical Biology, 40:473-499, 2000. 
145 
[8] R.P. Araujo and D.L.S. McElwain. A linear-elastic model of anisotropic tu-
mour growth. European Journal of Applied Mathematics (in press), 2003. 
[9] S.P. Timoshenko and J.N. Goodier. Theory of Elasticity. McGraw-Hill Ko-
gakusha, Tokyo, 1970. 
[10] R.P. Araujo and D.L.S. McElwain. An Anisotropic Model of Vascular Tumor 
Growth: Implications for Vascular Collapse. Proceedings of the Second MIT 
Conference on Computational Fluid and Solid Mechanics, 2003. 
146 
Chapter 5 
New Insights into Vascular 
Collapse and Growth Dynamics 
in Solid Tumors 
A Paper Submitted to the Journal of Theoretical Biology. 
Statement of Joint Authorship 
R. P. Araujo (Candidate): Identified the nutrient profiles which would induce vascular col-
lapse in the experimentally-observed patterns, developed all modelling equations, carried 
out numerical solutions, interpreted the results, and wrote and proof read the manuscript. 
D. L. S. McElwain : Assisted with the interpretation of results, assisted with the structure 
of the manuscript, and proof read the manuscript. 
147 
Abstract 
The experimentally-observed phenomenon of vascular collapse in tumors repre-
sents a significant barrier to the delivery of blood-borne therapeutic drugs, and 
has been attributed to the elevated tissue stresses resulting from confined prolif-
eration of tumor cells. This paper presents a mathematical framework which de-
scribes the evolution of growth-induced stresses in tumors and gives new insights 
into both vascular collapse and tumor growth dynamics. The linear-elastic de-
scription of anisotropic growth adopted here provides the mechanical model with 
a realistic constitutive basis, incorporating both the solid and stress-relaxation 
characteristics of soft biological tissues. 
A particular distribution of spatially non-uniform growth is proposed which 
is considered representative of a vascular tumor. The stress distribution associ-
ated with this growth pattern predicts the onset of vascular collapse, producing 
the well-defined regions observed in vascular collapse experiments: a peripheral 
layer with open blood vessels adjacent to a region of vascular collapse, enclosing 
an inner region where the vessels are open. The model also highlights the roles 
of various tissue properties in inducing vascular collapse. Moreover, the tumor 
growth rates predicted by this model reflect experimental observations, with ex-
ponential growth taking place immediately following vascularization, followed by 
a period of exponential retardation. 
5.1 Introduction 
Many current anti-cancer therapies rely either directly or indirectly on the ad-
ministration of blood-borne agents. Majno and Joris [25] assert that 'surgery 
and radiotherapy are now the most successful therapeutic approaches to local-
ized disease, and chemotherapy is appropriate for systemic disease'. Hellman and 
Vokes [18] describe chemotherapy as 'the systemic administration of anticancer 
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drugs that travel throughout the body via the blood circulatory system'. Jain 
[20] further notes that 'radiation therapy may similarly incorporate delivery of 
blood-borne drugs' since the therapeutic effectiveness of ionizing radiation in-
creases with oxygen tension and since, as discussed by Dang et al. [8] and Novak 
[27], most tumors contain large poorly vascularized, hypoxic regions. Therefore 
'in an attempt to increase the vulnerability of malignancies to the treatment, 
investigators are testing the value of administering sensitizing agents that mimic 
oxygen or somehow elevate oxygen levels in a tumor' [20]. Jain also notes sev-
eral other therapies, including hyperthermic therapy and photodynamic therapy, 
which are enhanced by blood-borne agents [20]. 
Nevertheless, Boucher and co-workers [3] emphasize that 'the therapeutic ef-
ficacy of systemically administered anti-neoplastic agents ... depends upon the 
ability of these molecules to reach their target in adequate quantities.' Jain 
[21] maintains that 'to reach cancer cells in a tumor, a blood-borne therapeutic 
molecule or cell must make its way into the blood vessels of the tumor and across 
the vessel wall into the interstitium, and finally migrate through the intersti-
tium.' Hence, distribution through vascular space is the first in a series of three 
steps which must be successfully accomplished by an anti-cancer agent in order 
to destroy the neoplastic cells. 
It has been established, however, that 'tumors often develop in ways that 
hinder each of these steps' [21]. One of these barriers to drug delivery in solid tu-
mors is the observed phenomenon of vascular collapse. A number of experiments 
have attested to this phenomenon over recent decades, perhaps one of the most 
striking examples being the classic experiments reported by Goldacre and Sylven 
[15]. In these experiments, a harmless green dye was injected into the tail veins 
of mice with transplanted tumors, giving rise to a deep green coloration of the 
whole animal with the exception of the brain (due to the blood-brain barrier) and 
the central regions of many of the solid tumors. These investigators concluded 
that tumors often 'contain substantial regions which cannot readily be reached 
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by blood-borne substances' due to 'some kind of (vascular) collapse'. Impor-
tantly, these investigators also reported that 'patent vessels containing bright red 
blood with intact blood cells' could often be observed in these central regions, 
suggesting that the vessels in these regions are open. 
Another important observation made by Goldacre and Sylven was that, for 
each type of tumor used in their experiments, 'the critical factor causing dif-
ferences in the distribution of dye was mainly the age and to some extent the 
size of the tumors' [15]. They observed that the young tumors (in this case up 
to twelve days, corresponding to a diameter which was usually less than 10mm) 
were instantaneously colored throughout with the dye, in the manner of normal 
tissue. The development of necrotic foci, with green peripheries enclosing white 
centers, was observed to occur at a critical age, suggesting that vascular collapse 
occurs only after a critical period of growth. 
Folkman [10] also suspected vascular collapse as the mechanism behind the 
development of central necrosis in solid tumors, explaining that 'tissue pressures 
within the center of the tumor exceed those at the periphery, compressing ves-
sels in the center of the tumor. For the remaining life of the neoplasm, there 
is a histologic pattern of a peripheral or external shell of proliferating tumor 
cells surrounded by intense neovascularization, while vascular obstruction and 
necrosis continue deep inside the tumor ... Tumors do not "outgrow" their blood 
supply; rather, they compress it!' Griffon-Etienne and co-workers [16] have pub-
lished photographs of vascularized tumor tissue, where collapsed vessel lumens 
are clearly observed. 
Nevertheless, the phenomenon of tumor vascular collapse is poorly under-
stood. Having performed experiments which strongly suggest that the interstitial 
fluid pressure (IFP) in tumors is elevated [3, 5], Boucher and Jain [4] conclude 
that these higher hydrostatic pressures in the tumor interstitium are unlikely to 
be the cause of vascular collapse since the elevated IFP is accompanied by equally 
elevated microvascular pressure (MVP). These investigators go on to postulate 
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that 'the collapse of tumor blood vessels is probably induced by cancer cells 
growing in a relatively confined, noncompliant space'. Reinhold and Van Den 
Berg-Blok [29] also note that the development of central ischaemia and necrosis 
is 'generally preceded by stretching and compression of the vessels supplying the 
area - an effect caused by the continuous proliferation of the tumor cells. To a 
large extent, the shape of the vessels will be determined by the growth pattern 
of the tumor cells.' 
It is the purpose of the present paper to elucidate the genesis of residual 
stresses associated with the confined proliferation of tumor cells, and their rela-
tionship to experimentally-observed patterns of tumor vascular collapse. 
5.2 The Mathematical Model 
Gatenby in [14] maintains that 'mathematics generalizes the results of experi-
ments into broad paradigms which yield predictions for further experiments. This 
dynamic interaction between the mathematical language of theory and the tech-
nical language of experiment has produced most of the major concepts of modern 
physical sciences including relativity, quantum mechanics, and thermodynamics.' 
He goes on to explain that 'recent research in tumor biology, particularly that 
using new techniques from molecular biology, has produced information at an 
explosive pace. Yet a conceptual framework within which all these new (and old) 
data can be fitted is lacking. Mathematical modeling in cancer should, there-
fore, attempt to generalize the extensive data into a single broad paradigm that 
is internally consistent and sufficiently robust ro provide testable predictions for 
future research.' 
A number of mathematical models of vascular tumor growth have been pro-
posed over recent years. Byrne and Chaplain [7], for example, have developed 
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a model of non-necrotic tumor growth which studies the roles of both nutrients 
and growth-inhibitory factors which are supplied to tumor cells by a combination 
of diffusion and blood-tissue transfer via the tumor vasculature. Hahnfeldt et al. 
[17], on the other hand, consider the importance of the tumor vasculature by in-
vestigating the effects of various angiogenic inhibitors on tumor growth dynamics, 
thereby proposing a theoretical basis 'for both describing tumor development and 
for assessing antiangiogenic treatment alternatives, alone or in combination with 
conventional therapies'. Further, Breward et al. [6] have developed a mathemat-
ical model of the interactions between a compliant vessel and the surrounding 
tumor cells, where the oxygen levels in the tumor tissue depend on the spacing 
of the blood vessels as well as their thickness. 
While the early model of a vascular tumor by McElwain et al. [26] does 
develop a framework in which vascular compression may be considered, it is a 
purely fluid mechanical model and therefore gives very little insight into the 
underlying mechanisms of blood vessel collapse. No other mathematical models 
of vascular tumor growth to date have studied the collapse of the tumor blood 
vessels. 
In the present paper it is postulated that stresses arising from the growth pro-
cess of the tumor tissue may give rise to vascular collapse. Skalak and co-workers 
[31], in investigating the genesis of stresses during the growth of living tissues, 
note that 'any incompatible growth strains give rise to residual stresses.' Indeed, 
Shannon and Rubinsky [30] model the growth process by analogy with isotropic 
thermal expansion to show that spatially non-uniform growth in a linear-elastic 
description of tumor tissue induces stress. Jones et al. [22] further explore the 
evolution of growth-induced stresses by proposing a growth distribution which 
reflects an avascular tumor in a model which accommodates the continuous na-
ture of the growth process. Unfortunately, this model highlights the limitations 
of employing an isotropic, linear-elastic constitutive law in the mathematical de-
scription of growth, since it fails to predict a steady-state stress distribution once 
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the tumor has reached its nutrient-regulated equilibrium size. 
Indeed, one of the inherent complexities in the mathematical modeling of soft 
tissues is proposing an appropriate constitutive law [13]. Considerable experi-
mental evidence points to the viscoelastic nature of such tissues [12, 28], which 
have both the solid properties which enable residual stresses to be induced during 
growth, as well as the fluid properties which afford the stress-relaxation required 
to prevent these stresses from evolving indefinitely. However, Araujo and McEl-
wain [1] have demonstrated that this crucial aspect of stress-relaxation may be 
accommodated in a simple linear-elastic model of tissue growth without recourse 
to a complex viscoelastic constitutive law by considering growth as an anisotropic 
process. Not only does this measure introduce a pseudo-viscoelasticity to the 
mathematical description of a growing tissue, but it is consistent with the exper-
imental work reported by Helmlinger et al. [19] which attests to the anisotropic 
nature of tumor spheroid growth. 
The present model incorporates the concept of anisotropic growth in a model 
which examines the evolution of stresses in a growing vascular tumor. This is 
a 'post-angiogenesis' model of tumor growth since the tumor is assumed to be 
fully vascularized, having already been penetrated by capillary sprouts which 
have developed into a branched, connected network structure. Following Jones 
et al. [22], the spherically symmetric tissue is assumed to be incompressible and 
linear-elastic, consisting exclusively of proliferating or apoptotic cells with no 
explicit consideration of quiescent or necrotic regions. Proliferation is assumed 
to be directly proportional to both the cell density (assumed constant) and the 
nutrient concentration, while cell death is proportional to the cell density alone. 
This gives rise to the following dimensionless form of the conservation of mass: 
(5.1) 
where v and care dimensionless quantities denoting the radial cell velocity and 
the nutrient concentration respectively, and E is a dimensionless parameter de-
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scribing the cell death rate as a proportion of the maximum possible growth rate. 
Neglecting inertial effects, the equilibrium of forces is expressed by 
8o-r 2(3 _ O 
a + - ' r r (5.2) 
where O"r is the radial stress (with O"r = 0 at the tumor boundary, r =a), and (3 
is given by 
(5.3) 
o-8 being the circumferential stress. 
Following Araujo and McElwain [1] the growth process is modelled by an 
analogy with thermal expansion, where daughter cells are directed preferentially 
in the direction of least stress (anisotropic growth). The material derivative of 
the constitutive equation for a linear-elastic description of anisotropic growth is 
given by 
(5.4) 
where rJr and (r are the anisotropic growth-strain multipliers, which are defined 
by Araujo and McElwain [1] as 
and 
rJr = ~ + ~ tanh ( ).(3 + tanh - 1 (-~) ) 
1 
2 ~ tanh ( ).(3 + tanh - 1 ( ~) ) . 
(5.5) 
(5.6) 
Here, the parameter ). reflects the sensitivity of the directional characteristics of 
the growth process to the prevailing stresses, although the overall phenomena 
predicted by the present model are not dependent on the particular forms taken 
for the anisotropic growth-strain multipliers. Equation (5.4) is solved for (3 us-
ing the Lax-Wendroff method outlined by Jones et al. [22], and re-derived and 
adapted to anisotropic growth by Araujo and McElwain [1]. Equation (5.2) is 
then solved for O"r at every time step using Euler's method. The interested reader 
is referred to Araujo and McElwain [1] for the details of this numerical method. 
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A phenomenological assumption about the distribution of nutrients is now re-
quired to close the model. Araujo and McElwain [2] have shown how the nature of 
the spatial non-uniformity of the growth process (or equivalently, in this case, the 
nutrient concentration) determines the nature and distribution of growth-induced 
stresses. In particular, when the nutrient concentration decreases monotonically 
with radius, stresses become progressively less compressive with radius, with the 
circumferential stress component always less compressive than the radial compo-
nent. By contrast, a monotonically increasing nutrient concentration distribution 
induces stresses which become progressively more compressive with radius, with 
the circumferential stress component always more compressive than the radial 
component. For this reason, it is not the precise distribution of nutrients which 
is of primary importance to the genesis of tissue stresses, but rather, the general 
trend. 
It is important to recognize that in the mathematical models of avascular 
tumor growth developed by both Jones et al. [22] and Araujo and McElwain [1], 
where nutrient concentration increases with radius on account of the diffusion 
of nutrients from the surrounding host tissue, stresses are induced such that 
the greatest compression occurs at the outer boundary which then reduces with 
distance from the tumor surface. In the light of the observations by Goldacre and 
Sylven [15], however, it appears likely that stresses become more compressive with 
distance from the tumor boundary in a vascular tumor - at least until the region 
of vascular collapse - which may suggest an increasing nutrient concentration 
with distance from the tumor boundary. 
This hypothesis is further supported by the experimental observations by Li-
otta et al. [24] who studied tumor vascularization and growth using the T241 
fibrosarcoma transplanted in the femoral muscle of the C57-BL6J mouse. On a 
sequence of days after implantation, mice were drawn from the group and the ra-
dial distribution of vascular surface area and tumor cell density were determined 
by studying serial sections through an excised portion of the femoral region con-
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taining the tumor. Interestingly, both the vascular surface area and the tumor 
cell density increased with distance from the border of the section - a trend 
which persisted for a significant portion of the section - with the investigators 
using the location of the peak vessel density to define the advancing 'migration 
front'. Since cell-proliferation is dependent upon the local availability of nutri-
ents [32], which is related to the surface area of blood vessels, these observations 
point to an increasing volumetric expansion due to growth with distance from the 
tumor boundary. (Note that in the present model, the effects of a variable tumor 
cell density are not considered. Rather, the overall effects on volumetric expan-
sion due to growth are considered purely via the choice of radial distribution of 
nutrient concentration). 
Hence, in the absence of vascular collapse, a simple parabolic distribution for 
the scaled nutrient concentration is proposed as depicted in Figure 5.1, with the 
value of unity at the tumor core (r = 0), decreasing to a value of mE at the 
tumor surface (r = a), where E is the rate of cell death throughout the tumor 
(assumed uniform) and m is a constant. While assuming constant values of nu-
trient concentration at the tumor core and surface is an obvious simplification, 
such a distribution nevertheless represents the desired general trend. Moreover, 
it is proposed that it is the circumferential collapse of blood vessels which creates 
a barrier to the delivery of blood-borne agents, such that the vascular collapse 
'front', denoted by r = rb, is defined as the outermost radius for which the circum-
ferential stress component, O'o, is less than the critical stress required to initiate 
vascular collapse, O'er, noting that by the convention adopted here, compressive 
stresses are negative. In this way, the sphere of tissue inside the vascular collapse 
front becomes estranged from the systemic circulation, and therefore, may only 
receive nutrients by diffusion from the outer shell of tissue. Hence, in the event of 
vascular collapse, the parabolic distribution of nutrients described earlier will ex-
ist only in the region between the vascular collapse 'front' and the tumor surface. 
Furthermore, a value of m > 1 ensures that even in the event of complete vascu-
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Figure 5.1: Initial parabolic concentration distribution (Top) and its evolution over a period of 
growth (Bottom), prior to vascular collapse. (m = 10; f = 0.01). 
lar collapse -- which renders the tumor effectively avascular insofar as nutrient 
supply is concerned -- the tumor does not completely disappear on account of 
the paucity of nutrients, but rather, regresses to a nutrient-regulated 'avascular 
dormant size' resulting from a net positive growth rate in the outer shell of the 
tissue due to the diffusion of nutrients from the host tissue. Indeed, the value of 
m determines the size of this dormant 'avascular' nodule, with a larger value of 
m corresponding to a larger nodule. 
In this way, the model allows the growing tumor to develop two distinct 
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regions: a rapidly growing outer region with open blood vessels in connection 
with the systemic circulation, and a central region which is inaccessible to the 
systemic blood due to vascular collapse. The outer region is characterized by a 
nutrient concentration distribution which increases monotonically with distance 
from the tumor surface, while the concentration distribution in the inner region 
decreases monotonically with distance from the vascular collapse front, reflecting 
the process of nutrient diffusion from the outer region. Thus, the two-region 
tumor is characterized by a nutrient distribution with an internal maximum. 
The scaled nutrient concentration distributions are now given by 
(5.7) 
in the 'outer' region where blood vessels are in contact with the systemic circu-
lation, and 
1 a ( 2 8c) 
r2 8r r 8r =c. (5.8) 
in the 'inner' region. The solution of Equation (5.8) is 
c = ~ sinh(r ), 
r 
(5.9) 
where continuity of the concentration distribution requires that the constant, k, 
be 
k _ (me- 1)rg + a2rb 
- a2 sinh(rb) · (5.10) 
This enables the cell velocity to be determined from Equation (5.1), being 
(mE- 1) 3 (1- E) K v= r+--r+-5a2 3 r2 (5.11) 
and 
v = ~ (r cosh r - sinh r) - Er 
r 2 3' (5.12) 
where continuity of the velocity requires that the constant, K, be 
(5.13) 
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Hence, 
da = v ( r = a) = ( (3m - 5 )E + 2) a + K. 
dt 15 a2 (5.14) 
Thus, the governing equations of the present model comprise Equations (5.1) 
through (5.14). The full dimensional versions of the modeling equations are 
given in the Appendix. 
5.3 Results 
This new mathematical model builds on existing mechanical models of solid tu-
mor growth [1, 2, 22] to produce results which reflect the experimental studies on 
vascular collapse. The solutions of the modeling equations suggest two significant 
results. First, the model identifies a distribution of nutrient concentration which 
may give rise to vascular collapse, thereby proposing a potential mechanism by 
which this phenomenon may occur in real tumors. Second, the model is able to 
predict different outcomes in tumor development in the absence of any mechani-
cal interaction between the tumor and the host tissue. 
5.3.1 A Nutrient Profile which Induces Vascular Collapse 
The present model considers the tumor to be initially stress free and at its 
nutrient-regulated 'avascular dormant size' (a0 ::= 29 for E = 0.01 and m 10), 
which in this case represents the radius to which the tumor would regress if the 
vascular collapse front were to extend to the tumor surface, and nutrients could 
only be obtained by diffusion from the surrounding tissue. Initially all blood 
vessels are open, with the associated concentration profile shown in Figure 5.1 
sponsoring the exponential growth characteristic of vascular tumors, the solution 
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of Equation (5.14) being illustrated in Figure 5.2. This nutrient distribution, be-
ing spatially non-uniform, gives rise to the stress distributions depicted in Figure 
5.3. 
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Figure 5.2: Exponential growth of tumor prior to vascular collapse. (m = 10; E 0.01). 
Here, both the radial and circumferential components become increasingly 
compressive with distance from the tumor surface which dictates that the onset 
of vascular collapse occurs in the innermost part of the tumor. As the stress 
distribution continues to evolve, a two-region domain develops as shown in Figure 
5.4, with the vascular collapse front moving outwards as time progresses (Figure 
5.5). In this two-region stage, the nutrient concentration increases monotonically 
with distance from the tumor surface in the outer region owing to the increase 
in the availability of nutrients per unit volume of the tissue, enclosing a region 
where the nutrient concentration decreases monotonically with distance from the 
vascular collapse front as nutrients diffuse inwards from the outer region. It 
is precisely this type of concentration distribution - one which has a maximum 
value at some interior point, with monotonically decreasing sections on either side 
- which induces a stress distribution whose maximum compressive value occurs 
close to the boundary between the two regions. While the outer region favors the 
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ongoing development of compressive stresses due to a ready supply of nutrients, 
the predominance of the cell death process in the inner region favors a reduction 
in these stresses. 
Hence, while vascular collapse occurs at a particular distance from the sur-
face, the vessels re-open at some radius beyond the vascular collapse front. This 
is a particularly interesting prediction in the light of the experiments by Goldacre 
and Sylven [15] who noted the 'patent vessels containing bright red blood with 
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intact blood cells' in the inner core of the tumors, attesting to the vascular de-
compression in this region. Further, the fact that cell death is responsible for 
this vascular re-opening is substantiated by the experiments reported by Griffon-
Etienne et al. [16], where the investigators were able to decompress tumor blood 
vessels by taxane-induced apoptosis. 
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5.3.2 Outcomes in Tumor Development 
The model gives some interesting insights into tumor growth dynamics. In the 
period prior to vascular collapse, Equation (5 .13) gives K = 0 since rb = 0, so 
that Equation (5.14) becomes 
whose solution is 
da 
dt (
(3m - 5)E + 2) a 
15 ' 
(3m-5)<+2 
a= aoe ls 
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(5.15) 
(5 .16) 
where a0 = a(t = 0). Hence, vascular tumor growth is initially exponential as 
reflected in Figure 5.2, with the tumor volume increasing to approximately ten 
thousand times that of the avascular nodule by the scaled time t = 20 for the 
choice of parameters adopted here. Folkman [9], in an experimental study of 
tumor angiogenesis, noted that once blood vessels have penetrated the tumor 
nodule, 'rapid growth begins along an exponential curve.' In a subsequent study 
of vascular tumor growth, where avascular nodules were placed on the iris of a 
rabbit's eye, Folkman [11] again noted the exponential growth of vascular tumors, 
observing that after eight days from the onset of vascularization, the tumor had 
grown to sixteen thousand times its original volume. However, Folkman [9] also 
noted that 'the exponential growth initiated when a 1-mm tumor becomes vas-
cularized does not continue indefinitely ... There is a gradual slowing in rate of 
growth so that a Gompertzian rather than an exponential growth curve is fol-
lowed for the remainder of tumor life. This implies a diminshing growth rate with 
increasing size.' Laird [23] concurs, having shown that 'the growth of a variety 
of tumors ... is well described by a Gompertzian equation. Such growth may be 
regarded as an exponential process limited by an exponential retardation.' 
The present model shows that the onset of vascular collapse is able to initiate 
this retardation in the exponential growth of a vascular tumor, as reflected in 
Figure 5.6. 
The model further predicts two possible outcomes for the development of the 
tumor in the absence of mechanical host-tumor interactions. The first possibility, 
as illustrated in Figure 5.7, where sufficient stress relaxation has occurred for the 
development of growth-induced stresses to be arrested before reaching the critical 
stress required for vascular collapse. In this case, the exponential growth of the 
tumor would theoretically continue indefinitely. 
Alternatively, as illustrated in Figure 5.8, the vascular collapse front continues 
to move towards the tumor boundary, eventually retarding growth to such an 
extent that the tumor begins to regress, ultimately returning to the 'avascular 
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dormant size' with complete vascular collapse. It is noted that some of the tumors 
in the study by Goldacre and Sylven [1 5] were indeed regressing. 
Moreover, Figure 5.8 illustrates that the process of tumor regression is a much 
more gradual process than the explosive growth observed prior to vascular col-
lapse. Figure 5.9a shows the rate of change of the scaled tumor radius with time, 
~;, as a function of scaled tumor radius, a, prior to vascular collapse, where 
the linear relationship with positive slope reflects the exponential nature of the 
165 
4.5 
3.5 
~ 3 
U5 2.5 
~ 
~ 2 
l;; 
~ 1.5 
e 
i:3 1 
0.5 
500 
200 
100 200 ""' 400 500 600 
Radius, r 
10 12 14 1e 18 ~ 
Time,t 
Figure 5.7: Circumferential stress distribution (Top) and associated exponential growth (Bot-
tom) in a tumor in which vascular collapse never occurs. Note the apparent 'steady-state' 
maximum compressive stress. (crcr = -0.5; A= 200; m = 10; f = 0.01; t = 0 tot= 20 in equal 
time increments.) 
growth process. Introducing the parameter ~ to denote the ratio of the radius 
of the vascular collapse front to the radius of the tumor boundary (so that in-
creasing values of~ represent decreasing proportions of the tumor remaining in 
contact with the systemic circulation), the growth rate of the tumor for varying 
extents of vascular collapse may also be studied. The approximately linear curves 
with negative slopes depicted in Figure 5.9b attest to the exponential nature of 
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the retardation process during this period. Further, for small values of~' cor-
responding to the period immediately following the onset of vascular collapse, 
the exponential retardation is very large, with a progressive diminution of this 
retardation occurring as vascular collapse extends to the tumor boundary. The 
relatively small negative slope illustrated in Figure 5.9c reflects the very gradual 
regression following the complete collapse of the tumor vasculature. Two param-
eters determine the ultimate outcome in tumor development. The parameter .A 
167 
30 35 40 45 50 55 60 
Tumor Radius, a 
~ -5 
~ 
"' -g-10 
::J 
0 [l) 
Q-15 
E 
::J 
1-
--20 
0 
;?;-
·g-25 
Qi 
> 
-~5 30 35 40 45 50 55 60 
Tumor Radius, a 
~-001 
~--0.02 ~=I ~ {g -0.03 
c: 
s-004 
0-0.05 
E 
~-0.06 
O-e.o1 
-~ g-oos 
~-009 
-0.1 
25 30 35 40 45 50 55 60 
Tumor Radius, a 
Figure 5.9: (Top to Bottom): (a) Velocity of tumor boundary, for a range of tumor sizes, when 
no vascular collapse has occurred, (b) Velocity of tumor boundary, for a range of tumor sizes, 
when complete vascular collapse has occurred, and (c) Velocity of tumor boundary, for a range 
of tumor sizes, for various extents of vascular collapse. (m = 10; E = 0.01.) 
determines how readily stresses equilibrate on account of the anisotropy of the 
growth process, such that, for a given value of critical stress, O"cn relatively large 
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values of A are required to prevent stresses from evolving beyond acr' whilst rel-
atively small values may allow stresses to induce vascular collapse and tumor 
regression. It is expected that the value of A would be determined by the na-
ture of the tissue, since the growth characteristics of different tissue types are 
likely to display varying sensitivities to prevailing stress fields. Conversely, for 
a given value of A, smaller negative values of critical stress give rise to vascular 
collapse, whilst larger negative values may prevent this phenomenon. The value 
of critical stress for the onset of vascular collapse is determined largely by the 
properties of the tumor vasculature (dimensions and elastic properties) as well as 
the microvascular pressure. 
Further, in the event that vascular collapse is induced, the model suggests that 
a certain critical time is required for this to occur, an aspect which is substantiated 
by Goldacre and Sylven's experiments [15]. This critical time is determined by 
the choice of parameters, with smaller values of A and acr being conducive to 
earlier onsets of vascular collapse by virtue of the faster stress evolutions and 
decreased resistances to collapse of the blood vessels. 
Nevertheless, these predicted outcomes do highlight the importance of host-
tumor interactions in the study of tumor growth dynamics, since tumor develop-
ment is not limited to the two extremes predicted by this model. It is expected 
that the surrounding host tissue would provide some resistance to the growth of 
the tumor so that the hydrostatic pressure at the tumor boundary would become 
increasingly compressive as the tumor grows. This would have two important 
implications for tumor development. First, it would ultimately give rise to vascu-
lar collapse in the case of sustained exponential growth predicted by the current 
model. Second, the decrease in resistance with initial tumor regression would re-
lieve stresses, such that the associated re-opening of blood vessels would prevent 
a complete regression back to the 'avascular' dormant size. Hence, host-tumor 
interactions are crucial to the growth dynamics of vascular tumors, and will be 
the subject of future mathematical models. 
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5.4 Conclusions and Implications for Therapy 
In the present paper, a mathematical model has been proposed which gives 
insight into the observed phenomenon of vascular collapse. The evolution of 
growth-induced stresses produced here may elucidate the experiments reported 
by Goldacre and Sylven [15], who observed that blood-vessels often collapse at 
some depth within the tumor, with an apparent re-opening of vessels further 
inside the tumor. 
The current model is based on the postulate that the volumetric expansion due 
to the growth process increases with distance from the tumour boundary, a trend 
which is most likely related to an increase in the density of the vascular surface 
area [24]. This behavior may induce vascular collapse at the tumor core, with the 
vascular collapse front moving radially outwards with time. The predominance of 
the process of cell death internal to the vascular collapse front, where the tissue 
has become estranged from the systemic circulation, then results in a reduction in 
stresses in this region, and a concomitant decompression of previously collapsed 
vessels. 
The model also suggests that vascular collapse may be responsible for the 
retardation of the exponential growth of vascular tumors. 
The insights gleaned from this mathematical model may be used to study the 
effectiveness of various approaches to cancer treatment. The administration of 
chemotherapeutic drugs or adjuvant agents for radiotherapy could be studied, 
for example, with the tumor cells in the outer, well-vascularized region being 
killed preferentially. In this manner, the effects of the stress-relief afforded by 
this process, and the associated decompression of collapsed blood vessels could 
be investigated. The model may also illuminate the effects of antiangiogenic 
therapies which, by targeting the tumor vasculature, may have implications for 
blood vessel densities throughout the tumor volume, and hence, for growth-strain 
distributions and growth-induced stresses. 
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Similarly, combinations of therapies may be studied using this model. The 
administration of anaerobic bacteria [27] which may be able to re-open collapsed 
blood vessels by distribution through the hypoxic inner region of a tumor, in com-
bination with other systemic therapies such as chemotherapy, could be studied, 
enabling the likely effectiveness of different combinations to be assessed. 
5.5 Appendix: Dimensional Forms of the Mod-
eling Equations 
The following dimensionless quantities are defined 
A [Pic r=r -
A ' m 
i = aCot, A c c= Co' 
A (j 
u = E' 
k 
E =aGo' 
(5.17) 
where De is the diffusion coefficient, m is the nutrient consumption rate, a and 
k are the cell proliferation and cell death rate coefficients respectively, Co is the 
maximum concentration of nutrients prior to vascular collapse (occurring at the 
tumor core, and considered a constant) and E is Young's Modulus. These quan-
tities give rise to the dimensionless equations (5.1) through (5.14) outlined in 
Section 5.2, where the hat notation has been omitted for clarity. 
The full dimensional forms of the modeling equations are given by 
for the balance of mass, 
V.v = 
1
2 ~ (r 2v) = ac- k, r ur 
for the anisotropic constitutive equation, 
mk- aGo 2 C 
c = 2 r + o, 
a a 
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(5.18) 
(5.19) 
(5.20) 
for the concentration profile in the 'outer' region (rb s; r s; a), and 
(5.21) 
for the concentration profile in the 'inner' region (0 s; r s; rb)· 
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Abstract 
In this paper a theoretical framework for the study of residual stresses in grow-
ing tissues is presented using the theory of mixtures. Such a formulation must 
necessarily be a 'solid-multiphase' model, comprising at least one phase with 
solid characteristics, owing to the fundamental role played by the incompatibil-
ity of strains in generating residual stresses. Since biological growth involves 
mass exchange between cellular and extracellular phases, field equations are pre-
sented for individual phases and for the mixture as a whole which incorporate 
this phenomenon. Appropriate constitutive equations are then deduced from first 
principles, appealing to the second law of thermodynamics. 
The analysis shows that the distinguishing feature of multiphase models in-
volving mass exchange is the necessity to propose an additional constitutive pos-
tulate between the variables in the mass-balance equation in order to close the 
model. In particular, the defining characteristic of a solid-multiphase model which 
describes biological growth is a constitutive postulate which relates the process 
of interphase mass exchange (cell proliferation/ cell death) with the expansion or 
contraction of the solid phase. Thus, the framework presented here represents a 
new class of mathematical models which extends the concepts of poroelasticity 
to accommodate continuous volumetric growth. A set of modelling equations is 
then proposed for the simplest case of a solid-multiphase model, being a biphasic 
mixture of a linear-elastic solid and an inviscid fluid. 
6.1 Introduction 
The evolution and spatial distribution of tissue stresses is of fundamental im-
portance in a number of physiological phenomena. The experimentally-observed 
phenomenon of vascular collapse in tumours, for example, which has been at-
tributed to the elevated tissue stresses resulting from confined proliferation of 
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tumour cells [4, 7] represents a significant barrier to the delivery of blood-borne 
therapeutic drugs. Such stresses are residual in nature, arising in the tissue when 
it is free of external loads, and result from the incompatibility of growth strains 
[18, 34, 36]. 
Fung [17] further notes the existence of residual stresses in living organs and 
highlights the importance of such stresses to physiological functions, asserting 
that 'in a living organism, the function of its organs depends on the levels of 
their internal stress and strain'. 
Hence continuum models of growing tissues would provide a theoretical frame-
work for a wide range of studies in biology, ranging from tumour biology and 
anti-cancer therapies [20, 34], to studies in embryology [5, 30], developmental 
biology and plant physiology [15], in addition to providing tools for prediction 
and analysis for a wide range of projects in the rapidly-growing field of tissue 
engineering [27]. 
Nevertheless, the underlying phenomenological determinants of residual stress-
es, as well as their purpose and implications in both normal tissue development 
and various pathological conditions, are poorly understood since there is currently 
a paucity of mathematical models to elucidate these phenomena. 
Gatenby [19] explains that 'recent research in tumour biology, particularly 
that using new techniques from molecular biology, has produced information at 
an explosive pace. Yet a conceptual framework within which all these new (and 
old) data can be fitted is lacking.' Gatenby and Maini [20] add that 'clinical 
oncologists and tumour biologists possess virtually no comprehensive theoretical 
model to serve as a framework for understanding, organizing and applying these 
data', noting the necessity to ' (develop) mechanistic models that provide real 
insights into critical parameters that control system dynamics.' Murray [28] 
concurs, arguing that 'the goal is to develop models which capture the essence of 
various interactions allowing their outcome to be more fully understood.' 
Indeed, while experimental approaches may attest to the existence of residual 
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stresses and provide information about their distribution in tissues, the underly-
ing mechanisms governing their genesis cannot be fully elucidated in the absence 
of mathematical modelling owing to the fundamental role played by the incompat-
ibility of growth strains in their formation [36]. Mathematical analysis provides 
the key to identifying incompatible growth and represents a tool for investigating 
the roles of a variety of phenomenological aspects of growing tissues-distribution 
of nutrients, growth-related density changes, stress modulated cell-proliferation 
and apoptosis, geometric effects-in promoting incompatibilities and the associ-
ated residual stresses. 
An important consideration in the mathematical modelling of tissue growth 
is the choice between single-phase mechanics and mixture theory [1]. The former, 
which appeals to an analogy with thermal expansion, incorporates a source term 
in the balance of mass, with the phase or phases responsible for the mass source 
remaining implicit to the model. While Skalak [35] claims that volumetric growth 
is analogous to thermal expansion-an analogy which forms the basis of the tissue 
growth models by Shannon and Rubinsky [34], Jones et al. [22] and Araujo and 
McElwain [2]-it does not consider all the processes which determine the stresses 
induced during biological tissue growth. Indeed, Araujo and McElwain [2] note 
that the single-constituent framework does not take into account the net fluid 
movement associated with the growth process and the 'Darcy-like' drag terms 
in the equilibrium of forces-a consideration which may be significant when the 
elastic (residual) stresses are small. 
Multiphase models, on the other hand, which are based upon mixture theory, 
clarify the nature of any mass sources, and consider the role of interstitial fluid 
in the growth process. While several fluid multiphase models of growing tissues 
have been proposed recently [12, 13, 25] it is essential to recognize that these 
models provide no basis for examining the genesis of residual stresses in tissues, 
which requires a consideration of the tissue's solid characteristics. 
Hence, a theoretical framework which enables the growth process and the as-
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sociated development of tissue stresses to be modelled naturally, without recourse 
to an analogy with thermal expansion, is currently lacking. 
This paper presents a mixture theory for the genesis of residual stresses in 
growing soft tissues, based on field equations which incorporate interphase mass 
exchange. In Section 6.2, the field equations are presented in the forms most 
useful to the ensuing analysis, based on the classical field theories developed by 
Truesdell and Toupin [38] and the theory of mixtures developed by Bowen [9]. In 
Sections 6.3 through 6.5, these classical theories are used as a guide to developing 
a form of the second axiom of thermodynamics from which constitutive equations 
may be deduced most readily, neglecting the influence of possible density changes 
associated with a change of phase. Constitutive assumptions for a general mixture 
of n phases are then outlined in Section 6.6, with a simple two-phase mixture 
of an elastic solid and an inviscid fluid being considered in detail in Sections 6. 7 
through 6.9. 
6.1.1 Differentiation Conventions 
The following conventions will be adopted throughout this paper: 
If ai and ai are scalar and vector properties of the i-th constituent respec-
tively, then v ai and v. ai denote the gradient and the divergence respectively 
with respect to spatial coordinates. (Note that in many references and texts 
in continuum mechanics these symbols are used to denote partial differentiation 
with respect to the reference configuration). The symbols Gradai and Divai 
will denote the gradient and divergence respectively with respect to the reference 
configuration. 
In addition, the symbol ~: denotes the material derivative following the mo-
d 
tion defined by vi, the velocity of the i-th constituent. The symbol dt, on the 
other hand, represents the material derivative following the motion defined by 
vm, the velocity of the mixture as a whole. 
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6.2 Constituent Field Equations 
The balances of mass, linear momentum, angular momentum and energy for the 
i-th constituent of an n-phase mixture are summarised below. The equations 
incorporate a mass exchange term, so that the mass of the i-th constituent may 
increase (or decrease) at the expense of other constituents. All constituents are 
equipresent at each spatial point. 
6.2.1 Balance of Mass 
The balance of mass for the i-th constituent, or phase, of an n-phase mixture is 
given by 
(6.1) 
or equivalently 
(6.2) 
where </Ji and Pi are the volume fraction and density respectively of the i-th phase, 
and ri is the mass supplied to the i-th phase per unit time per unit mixture 
volume. Truesdell and Toupin's [38] rule for differentiating a determinant gives 
the identity 
di 
-(detF·) = (detF·)V · v· dt Z Z Zl 
which enables (6.1) to be expressed by 
~: ( </JiPi det Fi) = ri det Fi, (6.3) 
where Fi is the deformation gradient of the i-th phase with respect to the reference 
configuration. The volume fractions, </Ji, are subject to the constraint 
(6.4) 
which implies that the mixture is saturated. 
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The balance of mass for the mixture is expressed by 
dpm 
dt+pmV·vm=O, (6.5) 
where Pm and Vm are the density and velocity respectively of the mixture as a 
whole. A comparison of (6.5) with the summation of (6.2) over all n phases allows 
the mixture density, Pm, to be defined by 
n 
Pm = L¢iPi, 
i=l 
and the mixture velocity, Vm, to be defined by 
while yielding the following expression for the conservation of mass, 
(6.6) 
6.2.2 Balance of Linear Momentum 
The balance of linear momentum for the i-th phase of ann-phase mixture is given 
by 
(6.7) 
or equivalently, 
where O'i is the partial Cauchy stress tensor for the i-th phase, g is the acceleration 
due to gravity and 7ri is the locally produced force per unit volume on the i-th 
phase due to its interactions with the other phases. The symbol '0' denotes the 
dyadic vector product. 
The balance of linear momentum for the mixture is expressed by 
dvm 
Pmdt = V · O'm + Pmg, (6.9) 
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where u m is the Cauchy stress tensor of the mixture as a whole. A comparison of 
(6.9) with the summation of (6.8) enables the mixture stress tensor to be defined 
by 
(6.10) 
where wi denotes the 'diffusion' velocity defined by 
(6.11) 
and gives rise to the following expression for the conservation of linear momentum, 
n 
L:(1ri + rivi) = o. (6.12) 
i=l 
6.2.3 Balance of Angular Momentum 
The balance of angular momentum for the i-th phase of an n-phase mixture is 
given by 
:t ( 4>iPiXXvi) + V · ( 4>iPi(xxvi)®vi) = V · (xx ui)+xx (4>iPig+7ri+fivi)+mi, 
(6.13) 
where mi is a vector representing the supply of angular momentum to the i-th 
phase. The symbol 'x' denotes a cross product, in which the quantity 
for all vectors e (see Bowen [9]). Appealing to the balance of linear momentum 
produces 
(6.14) 
from (6.13), where Mi is a skew-symmetric tensor arising from the angular mo-
mentum supply vector, mi. Since the sum of the momentum supplies over all 
phases must vanish, then 
n 
(6.15) 
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Thus, the summation of (6.14) over all phases implies that the inner part of the 
mixture stress tensor, which is defined by Truesdell and Toupin [38] as 
is symmetric. Noting that the quantity 
n 
LcPiPiWi 0Wi 
i=l 
(6.16) 
must also be symmetric, implies that the mixture stress tensor is symmetric. 
Note, however, that the partial Cauchy stress tensors are symmetric if and only 
if mi = 0 (and hence Mi = 0), that is, for non-polar materials. Hereafter it is 
assumed that the multiphase material under consideration-a growing tissue-is 
non-polar so that 
6.2.4 Balance of Energy 
The energy balance for the i-th phase of ann-phase mixture is given by 
diu· 
cPiPi dt t = tr(Liui) - V · Qi + cPiPiri + Ei, 
or equivalently, 
(6.17) 
(6.18) 
where Qi is a measure of the rate of heat flow across a unit area from the i-
th constituent, ri is the rate of heat production per unit mass within the i-th 
constituent, Ei is the energy supply per unit mass per unit time to the i-th 
constituent due to energy exchange between the constituents, ui is the internal 
energy per unit mass of the i-th constituent and Li is the velocity gradient of the 
i-th constituent with respect to spatial coordinates. 
Truesdell and Toupin [38] assert that for the overall conservation of energy 
in the mixture, 'the energy supplied by an excess internal energy rate, plus the 
185 
energy supplied by the work of the excess inertial forces against diffusion, plus 
the energy supplied by the creation of mass, must add up to zero for the mixture'. 
This implies the following expression for the conservation of energy, t [<;+f; (u;+~w,-w,) +w;·7r;l =0, 
or equivalently, by appealing to (6.12), 
t ['• +f; ( u; + ~v; · v;) + v; · "•] = 0. 
6.3 The Second Law of Thermodynamics 
(6.20) 
The second law of thermodynamics, which may be expressed in the form of the 
Clausius-Duhem inequality, places limitations on the admissible paths of thermo-
dynamic processes, thereby placing restrictions on constitutive equations. The 
Clausius-Duhem inequality states that the rate of entropy increase is greater than 
or equal to the entropy input rate. 
Following Rajagopal and Tao [33), it is assumed that the second law of ther-
modynamics holds for the mixture as a whole. Therefore if T/i denotes the entropy 
per unit mass of the i-th constituent and (}i denotes the absolute temperature of 
the i-th constituent then the inequality may be expressed by 
~ [ ~: ( ¢iPiT/i) + ¢iPiT/i V · vi + V · ( ~:) - ¢i~:ri l 
t 
2:: 0. (6.21) 
The entropy inequality for the mixture is given by 
Pm dTJm +LV. (h~) _ L (¢ip~ri) 2:: O, 
dt . (}t . (}t 
t t 
(6.22) 
where hi is an influx vector for the i-th constituent -as yet unrelated to Qi -
and T/m is the entropy density for the mixture defined by 
1 
T/m = - L ¢iPiT/i· 
Pm i 
Hence, reconciling (6.21) and (6.22) requires the constitutive postulate, 
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(6.23) 
6.4 The Assumption of Incompressibility 
In the present paper it will be assumed that each of the n phases is intrinsically 
incompressible, thereby placing an added constraint on their motion and giving 
rise to an indeterminacy in the second law of thermodynamics. 
The balance of mass for the i-th phase may now be expressed by 
the summation of which over then phases gives 
(6.24) 
employing the saturation constraint (6.4). In the interests of material frame-
indifference (or objectivity), ( 6.24) may be expressed in terms of relative velocities 
by noting that 
n n 
'Evi · V¢i 'L:(vi- v1) · V¢i, 
i=l i=l 
where one phase is nominated as the reference phase, being given the subscript 
'1'. Assuming that the densities of all phases are equal (so that i = 0) enables 
(6.24) to reduce to 
(6.25) 
where Li is the velocity gradient of the i-th phase with respect to spatial coordi-
nates. 
6.5 Development of the Dissipation Inequality 
In this section, the second axiom of thermodynamics as expressed by (6.21) will be 
manipulated further in order to obtain a form from which constitutive equations 
may be deduced readily. Incorporating the balance of mass as expressed by (6.1) 
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enables (6.21) to be expressed in the form 
~ _!_ [r·n·lf. + "'·p·B· di'T!i + B·V · (qi) - "'·p·r·] > 0 B. t. It t 'f't t t dt t B. 'f't t t - • 
i=l t t 
(6.26) 
Further, incorporating the energy equation (6.18) enables (6.26) to be expressed 
in a form which does not include the rate of heat production per unit mass within 
the i-th constituent, ri, explicitly, being 
Ln 1 [ diry· (q·) diu· l - f· 71 ·B· + "'·p·B·-t + B·V · _..: - "'·p·-t + tr(L·u·) - V · q· + c:· > 0 B. t 'It t 'f't t t dt t B. 'f't t dt t t t t - • 
i=l t t 
Introducing the relation 
now enables the inequality to be expressed in the form 
Ln 1 [ ( diry· diu·) VB·· q· - "'·p· B·-z - _z - z z + tr(L·u·) + €· B. 'f't t t dt dt B. t t t 
i=l t t 
- f· (u· + ~v· · v·- n·B·) -v· · 11'·] > 0 t t 2 t t • tt t t t - . 
Here it will be assumed that there is a single temperature for all phases, such 
that 
Moreover, the internal energies, ui, will be eliminated at this point in favour of 
the Helmholtz free energy densities, 'l/Ji, where 
(6.27) 
Hence, the inequality becomes 
Ln [ di'¢· diB VB. q· ( 1 ) ] -"'·p·-t -"'·p·-'11·- t +tr(L·u·)-f· •1•· + -v· · v· -v··11'· > 0. 'f't t dt 'f't t dt . It B t t t 'f't 2 t t t t -
i=l 
Appealing to the constitutive postulate expressed by (6.23) and noting that 
diB dB 
--- =w··VB dt dt t ' 
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gives rise to an entropy inequality of the form 
n di'I/J· ve d() n 
_ """""'·p·-t - -. h- p n - + tr ""'(L·u·) ~ 'f't t dt () m •tm dt ~ t t 
i=l i=l 
n ( 1 ) n 
- """"r. "''" + -v·. v· - """"v·. 7r· > 0 ~ t 'f't 2 t t ~ t t - • 
i=l i=l 
(6.28) 
At this stage, the chemical potential is introduced, being the linear transformation 
defined by 
O'i 
Ki = '1/Jil- -;;:-, 
'f'iPi 
see Bowen and Wiese [11], noting that in the present paper it is assumed that 
O'i = uf (see Section 6.2.3). Therefore, 
n di'I/J· ve d() n n 
- """""'·p·-t -- · h- p n -- tr"""" "'·p·K· · L· + tr"""" "'·p·"1'·L· ~ 'f't t dt () m•tm dt ~ 'f't t t t ~ 'f't t'f't t 
i=l i=l i=l 
n n ( f· ) 
- """"f·"''·- """"v· · 1r· + _:v· > 0 ~ t 'f't ~ t t 2 t - ' 
i=l i=l 
which further reduces to 
n ve d() n di n ( r. ) 
-tr""'"'·p·K··L·--·h-p n --"""" ("'·p·"''·)-""'v·· 1r·+_:v· >O ~ 'f't t t t () m•tm dt ~ dt 'f't t'f't ~ t t 2 t _ ' 
i=l i=l i=l 
by appealing to the balance of mass. Some authors (see, for example, Bowen [9]) 
define the quantity 
(6.29) 
which represents the Helmholtz free energy of the i-th constituent per unit mix-
ture volume. Rewriting (6.29) in terms of wi gives 
-tr"""" "'·p·K··L·- ·h-p n --"""" _z-"""" v·· 1r· + _:v· > 0 (6 30) n v () d() n diw. n ( r. ) ~ 'f't t t t () m •tm dt ~ dt ~ t t 2 t - • • 
i=l i=l i=l 
In the interests of material frame-indifference, Inequality (6.30), is now to be ex-
pressed in terms of relative velocities, which are objective, rather than constituent 
velocities, which are not objective, by noting that 
n ( r. ) 
""""v· . 7r· + _:v· ~ 1 t 2 t 
i=l 
(6.31) 
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Further, recognising that 
by the chain rule, where 
, diFi 
Fi = dt' 
and that the incompressibility assumption expressed by (6.25) reveals an indeter-
minacy insofar as the entropy inequality is concerned, enables the second axiom 
of thermodynamics to be expressed in a form from which constitutive equations 
may be deduced most readily, being 
n 1 , VB dB n diwi 
- tr L Fi (</JiPiKi- </Ji(I)Fi- B · h- Pm7Jm dt - L dt 
i=l i=l 
-t [,.., + ~r,(v;- v1)- (V,P,]·(v,- v1) 2 0, (6.32) 
where (is a Lagrangian multiplier. 
6.6 Constitutive Assumptions For a General n-
Phase Mixture 
As explained by Coleman and Noll in [14], 'a material is defined by a constitutive 
assumption, which is a restriction on the processes that are admissible in a body 
consisting of the material'. 
In discussing the various principles governing constitutive equations, Passman 
and co-workers [29] describe the Principle of Equipresence as 'too general', claim-
ing that it is 'difficult to accept as a universal axiom appropriate to all mixture 
theories'. They proceed to explain that 'in multi phase mixtures (where) the indi-
vidual constituents are clearly separated physically, ... it is plausible to think of 
the mixture as being ideal, or phase separated. For such mixtures the Principle of 
Equipresence can reasonably be replaced by the Principle of Phase Separation'. 
In the present paper, thermodynamically appropriate constitutive equations will 
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be deduced by appealing to the more general Principle of Equipresence in the first 
instance, with the analysis being simplified by the Principle of Phase Separation 
once these general relations have been obtained. 
According to the Principle of Equipresence as defined by Huyghe and Janssen 
[21] and Snijders et al. [37], 'all dependent variables depend on all independent 
variables, unless the entropy inequality requires otherwise'. Ehlers [16] empha-
sises the fact that 'the general constitutive framework must be based on the 
assumption of second-grade materials ... , thus making use of the most natural 
framework in constitutive modelling for multiphase media, additionally avoid-
ing so-called "simple" results'. Following Bowen [9], Bowen and Weise [11] and 
Ehlers [16], and noting from (6.25) that the constitutive assumptions for Ki and 
1t'i must reflect an indeterminacy consistent with the entropy inequality, the fol-
lowing constitutive postulate is proposed: 
( w,, ry,, ( 7r; + ~r,(v, - v1) - (V .p,), ( .p,p,K, - .p,(I), q) 
= j(e, g, Fj, Fi, Gil <Pi, ni, (vi- v1)), (6.33) 
where f is a smooth function, with the following quantities being defined for 
clarity: 
and 
g=VO, 
diF. J F· J dt' 
As discussed by Bowen in [8] and [9], (6.33) describes a mixture which allows 
for the combined effects of elasticity, heat conduction, diffusion, viscosity, buoy-
ancy, immiscibility and variable volume fractions. As noted by Bowen in [10], 'an 
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immiscible mixture is one where locally one can distinguish between mixture vol-
umes and constituent volumes (and therefore) a model of an immiscible mixture 
would necessarily allow the volume fractions to affect the mixture response.' 
6.7 A Biphasic Model of Tissue Growth 
In this section, the general constitutive assumption (6.33) is applied to a two-
phase model comprising an elastic solid (indicated by the subscript 's') and an 
inviscid fluid (indicated by the subscript 'f'). In this case, the constitutive equa-
tions reduce to 
( W,, ry,, ( 'll"J+~ft{vt-v,)-(V</>t), {</>;p;K;-</>;(I), q) /(B,g,F, G, (vf-v,)), 
(6.34) 
with i j, s. Since the effect of viscosity is not being considered in this simplified 
model, the derivatives of the deformation gradients do not appear amongst the 
independent variables in (6.34). The volume fractions and their gradients are 
also omitted from the set of independent variables since the specific Helmholtz 
free energy, 1/Ji, is to be considered independent of volume fraction, with the 
volume-averaged Helmholtz free energy, W i, being related to volume fraction via 
(6.29). Note that in a two-phase model, only one of the mass exchange terms, ri, 
or volume fraction terms, cPi, need be considered since the constraints (6.4) and 
(6.6) give the corresponding terms for the other phase. Further, since one of the 
phases is a solid and the other a fluid, the volume fractions cPs and cP! = 1 - cPs 
will henceforth be referred to as the solidity and porosity respectively. 
Using (6.34) the total derivative of the Helmholtz Free Energy for the solid is 
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given by 
while the total derivative of the Helmholtz Free Energy for the fluid is given by 
Therefore the entropy inequality becomes 
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Here, the notation X[Y], where X is a tensor of rank p and Y is a tensor of rank 
p + 1, denotes a vector defined in component form by 
where eq are basis vectors. (See, for example, (1.10) in Bowen and Weise [11] or 
(1.1.58) in Bowen [9]). Now rearranging the inequality produces 
Following Coleman and Noll's argument [14], 
are held fixed while varying the quantities 
This yields the following necessary and sufficient conditions: 
(6.35) 
cf>tPtKJ- cf>tO + (vs v f) 0 ( o(v~~ Vs)) = 0, (6.36) 
aw 1 
Pm'flm = - f)() , 
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()'if! I = 0 
8g ' 
i~ ( ( ~:·) 0 v, + v, 0 ( ~:·) ) = 0, 
aw I 
8Gs = O, 
~(vi- v 5 ) • (F;1T (~~~[GradGs]) )= 0, 
z-f,s 
8(v/- V 8 ) 0, 
and 
g 
-f · (v1 - v ) - - · m > 0 s e - , (6.37) 
where 
and 
Hereafter, it will also be assumed that the temperature distribution is spatially 
uniform and constant in time. Therefore 
(6.38) 
6.8 Development of Linearised Constitutive Equa-
tions 
Let f;, denote the complete set of independent variables 
noting that there is no longer any dependence upon temperature or temperature 
gradients. Let ~oE denote the subset of these variables, 
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Let ~oR denote the reference state about which the constitutive equation for f 
will be linearised, 
At the state ~oE, where v 8 = v f, the quantity 
is a minimum, such that ~oE defines the thermodynamic equilibrium. Now in the 
vicinity of the thermodynamic equilibrium, 
( aw 1 ) r cPsPsKs = cPsO- Fs aFs , 
¢JP!Kf = ¢J(I, 
and 
where K is a constant, sometimes referred to as the diffusive drag coefficient. 
Therefore, 
and 
F-lT (8'I!t[G ]) 
s 8Fs s . 
(6.39) 
(6.40) 
(6.41) 
Noting that Ps = PJ = p since both constituents are assumed to have the same 
true density, and appealing to the Principle of Phase Separation, 
<T, = ( <P.P'P. - ¢,()1 + pF, ( &( 4>.1/J~:. <Pt<I'J) r 
( ) (
8¢s 8'lj;s 8¢s )T 
= -c/Js (- p'lj;s I+ pFs 8Fs 'lj;s +cPs 8Fs - 8Fs 'lj;f 
Hence, 
(6.42) 
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6.9 Modelling Biological Growth: Mass Exchanges, 
Solid Deformation and Fluid Flow 
In order to reduce (6.42) to a usable form, an expression for ~:: must be deduced 
from the balance of mass for the solid phase, which is given by 
(6.43) 
Thus, in general 
where 
Hence, using Jacobi's identity [38], 
o(det Fs) = (d F )F-lT 
oFs et s s ' 
the derivative of the solidity with respect to the solid deformation gradient is 
given by 
ocf>s = -cf>sF-lT + 1 o8s 
oF s s p det F s oF s 
Therefore, (6.42) becomes 
Thus the constitutive equations are 
and 
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(6.45) 
(6.47) 
(6.48) 
where 
(6.49) 
In addition, 
(6.50) 
Now 
(6.51) 
Hence 
-1T ( -lT 1 OcSs) [ l Vc/Js = Fs -c/JsFs + pdetFs OFs Gs . 
Thus the momentum transfer term for the fluid phase, 1r f, is given by 
7r f = -r,;(vJ Vs)- ~r J(v J- Vs) + (V ¢J + F; 1T (P?fJJ ( ;;: ) [Gs]) , (6.52) 
where the Principle of Phase Separation has been used. Noting the conservation 
of linear momentum, 
then gives the momentum transfer term for the solid phase, 1r s, being 
(6.53) 
Clearly, the constitutive equation for the stress in the solid, (6.47), requires 
a phenomenological assumption about the functional form of the mass exchange 
term, r s· Furthermore, the distinguishing feature of a mass-exchange model 
which describes biological growth, as opposed to, say, models which describe 
solidification/melting or some other phase change, is the fact that the mass-
exchange term, f 8 , and the expansion/contraction of the solid matrix, detF8 , are 
not independent. 
Returning to the balance of mass for the solid phase, which may also be 
expressed in the form 
(6.54) 
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Note that 
d</Js d (ms) 
p dt = dt Vm ' 
where ms is the mass of the solid phase in Vm, the volume of the mixture. Now 
</JsP d8 Vm 
---Vm dt . 
Since 
d
8
m 8 (~) = r 
dt Vm 8 ' 
the quantity 
</Jspd8 Vm 
----
Vm dt 
reflects the time rate of change of the solidity which results from the flow of fluid 
into, or out of, the deformed solid matrix. Now since 
rs = ~: (~~)- (-~:d:m ), 
'---v---' 
total flow/deformation 
then 
d8 (</JsP) A. 1 d8 (detFs) = ds (ms) (<PsPd8 Vm) 
dt + 'f'sP det F8 dt dt Vm + Vm dt ~ '---v---' 
total flow/deformation total flow/deformation 
describes the mass balance for the solid phase. 
Therefore, since the solidity is regulated by two separate processes-mass ex-
change and solid matrix deformation/fluid flow-a further constitutive postulate 
is required to relate any two of the three quantities <Ps, rs and det Fs in order to 
decompose the balance of mass into two independent equations. 
Supposing, for example, that the mass exchange and solid matrix deformation 
are related in such a way as to keep the volume fractions constant, reflecting 
a tissue which tends to exhibit a 'natural' ratio of cells to extracellular fluid. 
(Note that this particular choice of constitutive postulate would be insufficient 
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to model a growing tumour tissue which contains regions of coagulative necrosis, 
since these regions consist predominantly of fluid and cellular debris, and are 
therefore characterised by significantly higher proportions of fluid than the rest 
of the tissue). In this case, the balance of mass would be represented by 
(6.55) 
and 
(6.56) 
Now that the constitutive postulate (6.56) has been proposed, the phenomeno-
logical assumption for r 8 is no longer required to be a function of det F 8 • 
Assuming, for example, that r 8 is proportional to the effective cell density, 
p</J8, and to some regulating factor such as nutrient concentration, c, implies that 
(6.57) 
where a is a constant of proportionality, and where the functional form for c will 
also be determined by a phenomenological assumption (appealing to a diffusion 
model, say). 
Now (6.43) becomes 
so that 
p</J8 det F 8 = ef~ ac(Xs,T)dT' 
which gives 
O</Js = _,1, F-IT f)F8 'f/8 8 . (6.58) 
Now the constitutive equations reduce to 
(6.59) 
and 
(6.60) 
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with P being given by (6.49). Substitution of the new definition for ~<Ps into 
uF8 
(6.50) and (6.51) then produces (6.52) and (6.53), illustrating that the momentum 
equations are unaffected by the simplified definition for ;:: . 
6.9.1 Linear Elasticity 
If the solid phase is linear-elastic and isotropic so that '1/Js is a function of the first 
and second principal invariants of the infinitesimal strain tensor, E 8 , given by 
(6.61) 
U 8 being the displacement vector for the solid phase, then 
( 8'1/Js)T P</JsFs f)Fs = .A(trE8 )1 + 2t.tE8 , (6.62) 
(see, for example, Lai et al. [24]) where A= .A(cp8 ,p) and f.L = t.t(</J8 ,p) are the 
mixture Lame constants. In this case (6.59) becomes 
(6.63) 
Substitution of (6.63) into the equilibrium equation for the solid (6.7), assuming 
inertial effects and body forces are negligible and that the process of interphase 
mass exchange plays a negligible role in the momentum transfer (a point which 
is justified in detail by Preziosi and Farina's analysis of Darcy's Law for growing 
porous media [32]), gives 
v. ( .AV. Usl + f.L (Vus + vu;)) -<Ps v p = -K, (vI- Vs). (6.64) 
Similarly, for the fluid phase, 
(6.65) 
Hence, (6.64) and (6.65) combine to give 
V P = V · ( .AV · U51 + f.L (Vus + Vu;)). (6.66) 
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Note that..\ and J-L are constants if the constitutive postulate (6.56) is used, which 
allows (6.66) to be expressed by 
(6.67) 
Thus, the pressure gradient with respect to spatial coordinates is a function of 
the solid displacement. Therefore, since the solid velocity is a function of the in-
terphase mass exchange via a constitutive postulate such as (6.56), a constitutive 
ds 
postulate relating r s and dt (V P) could also have been proposed, rather than 
one which relates r s and det F s. 
It is noted that, in order to accommodate the continuous expansion of the 
solid matrix due to growth, the constitutive equations (6.60) and (6.63) must be 
differentiated with respect to time using an objective convected derivative such 
as the corotational (Jaumann) derivative (see, for example, Bird et al. [6] or 
Joseph [23]). 
Further, it is essential in the case of continuous expansion (or contraction) 
to regularize the elasticity. Indeed Lubkin and Jackson [26] explain that 'the 
fatal mathematical combination of multiple phases, elasticity, and contractility 
renders the contractile-poroelastic model ill-posed ... The elasticity must then 
be regularized by a viscous term in order for solutions to exist.' Nevertheless, 
Araujo and McElwain [2] have shown that the elasticity may be regularized by 
considering anisotropic growth, thereby obviating the necessity to appeal to more 
complicated viscoelastic principles in many situations. 
6.10 Concluding Remarks 
In this paper, a theoretical framework for a 'solid-multiphase' model of a growing 
tissue has been presented which extends the concepts of poroelasticity to accom-
modate continuous volumetric growth. Moreover, in incorporating a solid phase, 
the model provides a basis for the study of residual stresses, which is of funda-
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mental importance in a wide range of studies in biology, physiology and tissue 
engineering. 
The general equations developed in Sections 6.2 through 6.6 have been applied 
to a two-phase model of an elastic solid and an inviscid fluid in Sections 6.7 
through 6.9. The analysis points to a crucial phenomenological aspect of tissue 
growth, illustrating that such a process must consist of a coordinated combination 
of the 'swelling' of the solid (cellular) phase due to the influx of extracellular fluid 
- which is, in essence, the inverse of the consolidation concept of poroelasticity 
-and the exchange of mass whereby extracellular fluid is incorporated into the 
cellular phase. This combination of processes necessitates the inclusion of an 
additional constitutive postulate- in which the mass-exchange term is related 
to the solid phase expansion - amongst the modelling equations in order to close 
the model. 
In the present paper, a particular constitutive postulate has been chosen which 
reflects a tissue whose ratio of cells to extracellular fluid is constant throughout its 
volume. The assumption of linear-elasticity and mechanical isotropy ( cf. isotropic 
growth) for the solid phase then enables simple constitutive equations between 
stress and strain to be specified for both the solid and fluid phases. 
This work may be extended in a number of ways. More complicated rela-
tionships between interphase mass exchange and solid phase expansion may be 
proposed, enabling the model to consider the formation of necrotic regions. Ad-
ditionally, the equations could be re-derived by incorporating a dependence of the 
Helmholtz free energy of the solid phase, W 8 , on both the solid deformation gra-
dient, F 8 , and its convected derivative, Fs (see Sections 6.6 and 6.7 of the present 
paper) to produce a viscoelastic constitutive law (see, for example, Pioletti et 
al. [31]). This would enable the elasticity of the solid phase to be regularised in 
situations where anisotropic growth provides insufficient stress-relaxation [3]. 
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Chapter 7 
Concluding Remarks and 
Recommendations for Further 
Work 
This thesis comprises a collection of five papers which give a comprehensive 
overview of the mathematical literature pertaining to solid tumour growth as 
well as a suite of mathematical models of residual stress evolution in growing 
tumours. 
The history of the study of solid tumour growth presented in Chapter 2 con-
cluded with a discussion of some open problems in the study of solid tumours. 
While the problems identified here by no means constitute an exhaustive list, the 
discussion does highlight, among other things, the fact that the experimentally-
observed phenomenon of tumour vascular collapse remains poorly understood 
despite the appearance of various important experimental papers on the subject 
since the early 1960s. As explained in Chapter 1, it is postulated in the present 
work that the distinctive spatial patterns of tumour vascular collapse reflect the 
presence of residual stresses. Thus, the evolution of such stresses is the focus of 
the remainder of the thesis. 
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It is worth noting that although the relationship of residual stress to incom-
patible strains has been well understood for some time [6], it was not until the 
recent work of Jones et al. [3], which studied the continuous volumetric expan-
sion and contraction (due to cell proliferation and cell death respectively), that 
the complexities of residual stress formation in growing tissues were appreciated. 
The study of residual stresses necessitates a consideration of the tissue's solid 
characteristics, and furthermore, the constitutive law must be able to exhibit 
sufficient stress-relaxation - a property not usually available within the confines 
of elasticity theory. 
Chapters 3 and 4 explore the concept of anisotropic tumour growth, reporting 
the novel finding that this simple feature is able to bestow the crucial aspect of 
stress-relaxation while retaining a simple linear-elastic constitutive law. Thus, 
this new approach obviates the need for more complex viscoelastic theory in many 
situations. Indeed, because of its stress-relaxation characteristics, anisotropic 
growth may be said to impart a pseudo-viscoelasticity to growing tissues. 
Chapter 4 presents an analysis of the constitutive law adopted in Chapter 3, 
giving insight into the manner in which the process of anisotropic growth bestows 
stress-relaxation. In addition, this analysis enucleates the relationship between 
the spatial non-uniformity of the growth process and the nature and distribution 
of the associated residual stresses. 
These insights were used to develop the mathematical model of tumour vas-
cular collapse in Chapter 5. Not only could this modelling framework predict the 
onset of vascular collapse in its experimentally-observed manner, but the growth 
dynamics which emerge quite naturally from this framework are also consistent 
with experimental observations. Nevertheless, it must be conceded that the as-
sumed nutrient profiles which regulate the growth process and elicit this vascular 
collapse pattern are yet to be substantiated experimentally. 
Chapter 6 represents a seminal contribution to the multiphase mechanics of 
residual stresses in the context of biological growth, being the only multiphase 
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model which incorporates the continuous process of interphase mass exchange 
with at least one solid phase. Importantly, this formulation will enable the future 
development of the multiphase counterparts of the single phase models presented 
in Chapters 3, 4 and 5. Despite their comparative complexity, these models will 
have myriad advantages over the single phase formulations, giving information 
about the interstitial fluid flow relevant to extravasation and cellular uptake of 
blood-borne agents, exploring the roles of relatively stiff extracellular phases, and 
enabling a more detailed study of necrosis formation. 
The mathematical models presented in this thesis may be extended in a num-
ber of ways: 
1. The theory of anisotropic tissue growth developed m Chapters 3 and 4 
may be developed further by incorporating stress-modulated cell prolifer-
ation and cell death. Mechanical interactions with the surrounding host 
tissue should also be included, enabling the effects of different host tissue 
properties (compressibility, stiffness) and the host tissue's outer boundary 
conditions (confined or unconfined) to be studied. In this way, the effects of 
mechanical stress on a variety of aspects of tumour spheroid growth, as re-
flected in the experimental work by Helmlinger et al. [2], may be elucidated 
further through mathematical modelling. 
2. Building on the foundation proposed recently by Macarthur and Please [5), 
mathematical models of isotropic tissue growth using a variety of viscoelas-
tic constitutive laws should be developed, using the best available experi-
mental data on the rheology of biological tissues, to study the effects of the 
constitutive nature of the tissue on growth-induced stresses. Anisotropic 
growth of linear-elastic tissues may then be compared with isotropic growth 
of viscoelastic tissues, considering steady-state stress profiles and the time 
constant of stress-relaxation, in order to develop a unified theory of the 
crucial aspect of stress-relaxation in growing soft tissues. As noted earlier, 
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a simpler mathematical approach bestows great benefit, and a better un-
derstanding of the way in which anisotropic growth relates to viscoelasticity 
would enhance the value of this new technique. 
3. The theory of tumour vascular collapse presented m Chapter 5 may be 
enhanced by incorporating a more detailed mathematical description of tu-
mour oxygenation in vascular tumours. In particular, the mathematical 
framework of Liotta et al. [4] for the experimentally-observed radial vari-
ation in vascular surface area during invasive tumour growth could be ex-
tended and refined so that blood vessels penetrate the tumour by an active 
chemotactic response to the concentration gradient of tumour angiogenesis 
factor rather than a passive diffusion process. In this way, the availability 
of nutrients associated with this radial distribution of blood vessels will 
regulate the process of cell-proliferation in the growing tumour. The infor-
mation gleaned from this approach may then be combined with the classical 
work of Flaherty et al. [1] (see Appendix A) on the buckling of thin elastic 
tubes to yield important insights into the effects of blood vessel shape ( aris-
ing from the prevailing stress field) on tumour blood flow and extravasation 
of blood-borne agents. An analysis of the parameter boundary between the 
'vascular collapse' and 'no vascular collapse' outcomes should be conducted, 
which will enable the sensitivity of the onset of vascular collapse to various 
tissue and blood vessel properties to be assessed. 
4. The modelling equations proposed in the biphasic framework in Chapter 6 
should be solved in both one-dimensional cartesian coordinates as well as 
spherical-polar coordinates in order to enable direct comparisons with ex-
isting single-phase frameworks. Initially, stress-relaxation should be incor-
porated by the simpler method of anisotropic growth, which will enable the 
biphasic equations presented in Section 6. 7 of Chapter 6 to be used. Later 
extensions may appeal to more complex viscoelastic constitutive principles. 
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5. The theory developed for the biphasic model of a linear-elastic solid and an 
inviscid fluid may be extended to a triphasic framework, enabling the model 
to incorporate the three major components of tissue - cells, extracellular 
matrix and interstitial fluid. The effects on overall tissue behaviour (growth 
dynamics, induced stresses) of making different constitutive assumptions for 
the individual phases may then be studied. 
Thus, in summary, the mathematical models and analyses presented in this 
thesis represent important theoretical tools for the study of the genesis of residual 
stresses in growing tissues - tools which complement experimental approaches 
in elucidating various biological phenomena associated with these stresses such 
as tumour vascular collapse. 
213 
214 
Bibliography 
[1] J.E. Flaherty, J.B. Keller, and S.I. Rubinow. Post buckling behaviour of elas-
tic tubes and rings with opposite sides in contact. SIAM Journal of Applied 
Mathematics, 23 ( 4): 446-455, 1972. 
[2] G. Helmlinger, P.A. Netti, H.D. Lichtenbeld, R.J. Melder, and R.K. Jain. 
Solid stress inhibits the growth of multicellular tumour spheroids. Nature 
Biotechnology, 15(August):778-783, 1997. 
[3] A.F. Jones, H.M. Byrne, J.S. Gibson, and J.W. Dold. A mathematical model 
of the stress induced during avascular tumour growth. Journal of Mathemat-
ical Biology, 40:473-499, 2000. 
[4] L.A. Liotta, G.M. Saidel, and J. Kleinerman. Diffusion model of tumor vas-
cularization and growth. Bulletin of Mathematical Biology, 34:117-128, 1974. 
[5] B.D. MacArthur and C.P. Please. Residual stress generation and necrosis 
formation in multi-cell tumour spheroids. Journal of Mathematical Biology 
(submitted), 2003. 
[6] R. Skalak, S. Zargaryan, R.K. Jain, P.A. Netti, and A. Hoger. Compatiblity 
and the genesis of residual stress by volumetric growth. Journal of Mathe-
matical Biology, 34:889-914, 1996. 
215 
216 
Appendix A 
A Review of the Work of 
Flaherty et al. on the Post 
Buckling Behaviour of Elastic 
Tubes and Rings with Opposite 
Sides in Contact 
A.l Introduction 
In Post Buckling Behaviour of Elastic Tubes and Rings with Opposite Sides in 
Contact [2], Flaherty, Keller and Rubinow model the behaviour of an elastic tube 
of circular cross-section which is exposed to a net external pressure, p. If p ex-
ceeds the buckling pressure, Pb2 , such a tube becomes unstable in its circular 
configuration and becomes somewhat elliptical in cross-section. Ultimately op-
posite sides touch at a single point when p reaches the contact pressure, Pc2• As p 
increases further, the curvature at the point of contact decreases until it becomes 
zero when p = p02 . Beyond this pressure, contact occurs along a straight-line 
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segment of increasing length. 
Furthermore, an elastic tube is able to buckle in different modes. For each 
integer n ::=:: 2, there exists a buckled state of n-fold symmetry with a correspond-
ing buckling pressure, Pbn, contact pressure, Pen and zero-curvature pressure, Pon· 
Figure A.l illustrates the first three modes of buckling: 
Shape of Tube: n=2 
Shape of Tube: n = 3 Shape ofTube: n = 4 
2.5 r--.,---,---.,------, 
-0.5 
-0.5 
-0.5 0 0.5 -0.5 0 0.5 
Figure A.l: Buckling modes: n = 2, 3, 4 
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This review derives many of the equations presented by Flaherty et al. [2] from 
first principles, and uses numerical methods to reproduce their results. These 
models may be used to consider the behaviour of blood vessels exposed to an 
elevated external pressure, and as such, may provide much useful insight into the 
collapse of blood vessels in tumours. 
A.2 Development of Equilibrium Equations from 
First Principles 
Q 
M 
Internal 
\+ 
\ 
\ 
\ 
\P 
\ 
Figure A.2: Equilibrium of a Section of Tube Wall 
,::-/N+dN 
~ )M+dM 
Q+dQ 
External 
Flaherty et al. [2] present the following equilibrium equations: 
N' + kQ = 0, (A.l) 
Q'- kN -p = 0, (A.2) 
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k'- Q = 0, (A.3) 
where N(s) and Q(s) are the dimensionless components of force exerted at s 
by the tube wall in the tangential and outward normal directions respectively. 
(Note that while the authors have defined N(s) as the normal force and Q(s) 
as the tangential force, analysis below shows that (A.l), (A.2) and (A.3) above 
can only be produced if this nomenclature is interchanged). The curvature of the 
cross-section at s is denoted by k ( s) and is defined by 
k(s) = (}'(s), (A.4) 
where (} is the angle between the tangent to the cross section and the x-axis. The 
difference between the external and internal pressures is denoted by p. Figure 
A.2 illustrates the action of the forces on a section of tube wall. 
A.2.1 Tangential Forces 
Considering the equilibrium of forces in the tangential direction at s produces 
-N- pdssin d: + (Q + dQ) sind(}+ (N + dN) cosd(} = 0. 
As d(} ---+ 0, sind(}---+ d(} and cos d(}---+ 1, so we obtain 
d(} 
- N - pds2 + ( Q + dQ)d(} + N + dN = 0. 
Eliminating higher order differentials now gives 
Qd(} + dN = 0. 
Hence, 
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or 
N'+kQ=O, 
which is equation (A.1). 
A.2.2 Normal Forces 
Now considering the equilibrium of forces in the normal direction at s we obtain 
Q + pdscos d;- (Q + dQ) cosd() + (N + dN) sind()= 0. 
As d() -+ 0, sind() -+ d() and cos d()-+ 1, which produces 
Q + pds - Q - dQ + N d() + dN d() = 0 
or 
pds - dQ + N d() = 0 
when higher order differentials are eliminated. Hence 
dQ d() 
p- -+N- =0 
ds ds 
or 
Q' +kN -p= 0, 
which is equation (A.2). 
A.2.3 Moments 
Considering the equilibrium of moments about s we obtain 
M- (M + dM) + pds.~dscos d()- (N + dN)dssind()- (Q + dQ)dscosd() = 0, 
2 2 
that is, 
1 
-dM + 2pds
2
- (N + dN)dsd()- Qds- dQds = 0. 
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When higher order differentials are eliminated, this reduces to 
or 
-dM- Qds = 0, 
dM +Q=O. 
ds 
Flaherty et al. [2] assume that the bending moment M ( s) is proportional to the 
deviation of the curvature of the cross section from its value in the circular state. 
Therefore, in a non-dimensional system where the radius R of the unbuckled tube 
is the unit of length, we have 
M(s) = 1- k(s), (A.5) 
which implies that 
M'=-k'. 
Therefore, 
k'- Q = 0, 
which is equation (A.3). 
A.2.4 Manipulation of the Equilibrium Equations 
The equilibrium equations (A.l), (A.2) and (A.3) developed in the preceding sec-
tions can now be used to produce a single equation governing the behaviour of a 
tube with a transmural pressure, p. 
Multiplying equation (A.3) by k' gives 
kk'- kQ = 0. (A.6) 
Adding equation (A.7) to equation (A.l) now gives 
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kk' + N' = 0, 
which may also be expressed by 
d ( 1 2 ) ds 2k + N = 0. 
Integrating gives 
where cis a constant, so that 
1 2 N=c- -k. 2 
Now equation (A.3) also implies that 
Q' = k", 
so that substituting (A.7) and (A.8) into (A.2) gives 
1 k" + - k3 - ck - p - 0 2 - . 
(A.7) 
(A.8) 
(A.9) 
A.3 Numerical Solutions for the Curvature Equa-
tion 
Equation (A.9) may be solved numerically to determine the shape of the tube of 
a particular pressure, noting that 
k(s) = (}'(s), (A.10) 
and 
x(s) =los cos8(s)ds, (A.ll) 
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y(s) = 18 sinB(s)ds. (A.12) 
The problem may be solved as a system of three simultaneous first order 
ordinary differential equations: 
k' = l, 
l' = -~k3 + ck + p, 
B' = k. 
(A.13) 
Moreover, the behaviour of the tube should be separated into three stages: 
1. Buckling before contact, 
2. Buckling with contact at isolated points, and 
3. Buckling with intervals of contact, 
since the boundary conditions will be different for each of these stages. 
Flaherty et al. [2] maintain that the solution of (A.9) is periodic with period 
2
:, and since this can be made symmetric about s = 0, the solution over the 
half-period 0 ::::; s ::::; ; is sufficient. 
A.3.1 Buckling Before Contact 
The boundary conditions for this stage of buckling are: 
k(O) =a (unknown), 
l(O) = 0, 
0(0) = 0, 
z(;) = o = q, 
e(;) =; = r. 
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(A.14) 
Since not all the initial conditions are known, while some information at the end 
point, ~' is given, the differential equations may be solved using the shooting 
method, determining suitable values of a and c such that 
1f f ( c, a) = q2 + ( r - -) 2 = 0. 
n 
Figures A.3 to A.ll show the solution of the curvature equation (A.9), with these 
boundary conditions for n = 2, 3, 4 and using several pressures between p = 3 
and the contact pressure, p =Pen· (Note that Tadbakhsh and Odeh [3 , 4] have 
proven that this problem has a buckled solution for every value of p > 3 and 
some n ~ 2. Note also that all pressures in this analysis are 'non-dimensional' 
transmural pressures.) 
Solution of System of Differential Equations Shape of Tube 
2 
1.5 
0 .5 
0 
-0.5 - k 
- I 
- theta 
-1 
-1 .5 
-2 
-2 -1 0 
s 
1.5 
2 -0.5 
Figure A.3: n=2, pressure = 3.25 
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Solution of System of Differential Equations 
5 
4 ru I a 
3 
2 
0 
-1 
-2 
-3 
-4 
-5 
-2 -1 0 2 
2.5 
2 
-0.5 
Shape of Tube 
0 
X 
Figure A.4: n=2, pressure= 4.75 
Solution of System of Differential Equations 
6 
ru I a 
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2 
0 
-2 
-4 
-6~----~----~----~--~ 
-2 -1 0 2 -0.5 
Shape of Tube 
0 
X 
Figure A.5: n = 2, pressure = 5.247(Pc2) 
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Solution of System of Differential Equations 
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1.5 
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0 
-0.5 
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-2 
-2.5 
-2 -1 0 2 
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2 
>-
0.5 
0 
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Figure A.6: n=3, pressure = 8.25 
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Solution of System of Differential Equations 
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10 2 
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-10 
-0.5 
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Figure A.7: n=3, pressure= 16.25 
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Solution of System of Differential Equations Shape of Tube 
20 
ru 15 I a 2 
10 
5 
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- 5 
- 10 
-15 
-0.5 
-20 
-2 -1 0 2 -0.5 0 
X 
Figure A.8: n = 3, pressure = 21.65(pc3) 
Solution of System of Differential Equations 
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Figure A.9: n= 4, pressure = 15.25 
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Figure A.lO: n=4, pressure = 36.25 
Solution of System of Differential Equations Shape of Tube 
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Figure A .11: n = 4, pressure = 51.843(Pc4) 
229 
0.5 
0.5 
A.3.2 Buckling with Contact at Isolated Points 
In this stage of buckling, contact occurs at one pair of points, ±81 in the period 
-; ::::; 8 < ;. For n = 2 these are the endpoints ±81 = ±~, whereas for n > 2, 
0 < 8 1 < ;. (Note that Q, and therefore l, is discontinuous at the point of 
contact.) For n = 2, the boundary conditions are: 
k(O) =a (unknown), 
l(O) = 0, 
0(0) = 0, 
k(~) = -V2c = v, 
OG) = ~ = w. 
Therefore, suitable values of a and c must be determined such that 
(A.15) 
Figure A.12 shows the solution of the curvature equation with these boundary 
conditions using p = 9 which is greater than the contact pressure, Pen, but less 
than the zero-curvature pressure, Pon· For n > 2, the boundary conditions are: 
k(O) =a (unknown), 
l(O) = 0, 
0(0) 0, 
k(8I) = -V2c = v, 
0(81) = ~ = w, 
l(~) = 0 = q, 
(A.16) 
The problem must therefore be solved in two separate intervals (Interval 1: [0 ::::; 
8 ::::; 81), Interval 2: [81 ::::; 8::::; ;J, noting the discontinuity in l at 81), determining 
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Solution of System of Differential Equations 
8 
6 
4 
2 
0 
-2 
-4 
-6 
-8 L__---'------'--------'------' 
-2 -1 0 2 
Shape of Tube 
Figure A.l2: n = 2, pressure= 9 
values of a and c such that: 
Figures A.13 and A.l4 show the solution of the curvature equation for n = 3, 4 
with these boundary conditions, using pressures between the contact pressure, 
Pen, and the zero-curvature pressure, Pan· 
A.3.3 Buckling with Intervals of Contact 
When the pressure exceeds Pan, contact occurs as a straight line segment (s1 , s2) 
such that 0 < s1 :::::; s2 :::::; ~ · A solution may now be determined from that for 
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Solution of System of Differential Equations Shape of Tube 
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Figure A.l3: n= 3, pressure = 30 
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Figure A.l4: n = 4, p 100 
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p = Pon by a similarity transformation as follows: 
1-
k(8) = (~)sk(S), 
0(8) = 0(8), 
x(8) = (~)~x(S), 
y(8) = (~ )~y(S), 
8 = (Elli:!.)~s 1 p 1' 
7r ("On)! (7r -) 82 = ;- - c:;:- 3 ;- - 82 , 
8(8) = (~ )~8 . .. for 0::; s::; s1, 
s( 8) = ; - ( ~) ~ (; - 8) . . . for s2 ::; s ::; ~ 
(A.17) 
where k, e, x, y, Si and 82 are solutions with pressure Pon· Figures A.15, A.16 and 
A.17 show the solution of the curvature equation in the half-period 0 ::; 8 ::; Z1: 
n 
for n = 2, 3, 4 and pressures greater than Pon· 
Shape of Tube Solution of System of Differential Equations 
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Figure A.l5: n = 2, pressure = 20 
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Figure A.l6: n 3, pressure = 25 
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Figure A. l 7: n 4, pressure = 500 
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A.4 Non-Dimensionalisation and Implications for 
Tumour Vascular Collapse 
The preceding analysis has been carried out using non-dimensional variables. To 
convert a pressure, p*, to a non-dimensional pressure, p, suitable for use in the 
preceding buckling analysis, it must be divided by fa where R is the radius of 
the unbuckled tube and C is the flexural rigidity of the tube wall defined by 
Et3 
C = 12(1 - v2 ) • (A.18) 
Here, E and v are the Young's modulus and the Poisson's ratio of the tube wall 
material, respectively, and t is the wall thickness. 
As noted earlier, Tadbakhsh and Odeh [3, 4] have proven that a buckled 
solution exists for p > 3. Therefore, in a study of vascular collapse in tumours, 
it is instructive to determine the pressure associated with a non-dimensional 
pressure of p = 3 for a tumour capillary. 
Caro, Pedley, Schroter and Seed [1] (p. 90) state that 'almost all biological 
materials, in particular those comprising the walls of blood vessels, are effectively 
incompressible', which implies that v = ! . The parameters R and t for a capillary 
may be estimated as 0.0004 em and 0.0001 em, respectively (Table I in [1]). 
Limited Young's modulus data exists for capillaries, but on the basis of Table I 
in [1], E = 10 x 105Pa appears a reasonable estimate. Therefore, 
* Pc2 
With the parameter values given above, and noting that Pcz = 3, we obtain an 
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estimate of p~2 of 
* 3 X 10 X 105 X (0.0001 X 10-2) 3 
Pc2 = 12 X (0.0004 X 10-2) 3 (1 ~) Pa 
= 5208 Pa 
= 39 mmHg, 
which is approximately 2~ of a standard atmosphere. 
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Appendix B 
A Review of the Work of 
Shannon and Rubinsky on the 
Effect of Tumour Growth on the 
Stress Distribution in Tissue 
B.l General Equations Governing the Stress Dis-
tribution in a Spherically-Symmetric Solid 
Tumour 
Shannon and Rubinsky [2] propose the following relationship between the volu-
metric expansion and the stress in a tumour of radius b(t), 
!!:_ [2_!!_(r2u)] = (3dN(r, t), 
dr r2 dr dr (B.l) 
where u is the radial displacement, and 0 .::; r < b(t). The constant, (3, is given 
by 
(3 = 3). + 2~-t ). + 2~-t ' 
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where >. and p, are the Lame elastic constants, and N is the growth rate of the tis-
sue. The authors make a pseudo steady-state assumption, noting that 'although 
the radius b grows in time, it can be considered constant with respect to time 
... since the radial growth is much slower than the time it takes for stresses to 
equilibrate'. 
Equation (B.l) may now be integrated to give 
1 d 2 
2 -d (r u) = fJN + C1 , r r 
where C1 is a constant. Thus, 
or 
1r r3 r2u = /3 0 Nr2dr + C13 + C2, 
where C2 is a constant. Symmetry requires that u = 0 at r = 0, which implies 
that C2 = 0 (assuming that N is well-behaved, and Nr 2 is bounded everywhere). 
Therefore the radial displacement, u, is 
f31r 2 r u= 2 Nr dr+C1-. r 0 3 (B.2) 
The constant of integration, C1 must now be determined from the stress bound-
ary condition. 
There will be three nonzero stress components: the radial component, Trr, and 
two identical tangential components, Too and T¢¢· (Since the tumour is assumed 
to be spherically symmetric, with Too = T<fJ<P, only one of the tangential directions 
will be considered in the equations to follow). From Hooke's Law, the constitutive 
relations between stress and strain are 
{
Er-N 
Eo-N 
= ~(Trr- 2vToo) 
=~(Too- v(Trr +Too)), 
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(B.3) 
(cf. Timoshenko and Goodier [3] Equations (b) and (c), Article 152), where 
Er and Eo are the radial and tangential components of strain respectively, v is 
Poisson's ratio and E is Young's Modulus of Elasticity. These equations can be 
rearranged to give 
E 
Trr = ( )( ) ((1- v)Er + 2vEo- (1 + v)N) 1 + v 1- 2v (B.4) 
and 
E 
Too= (1 + v)(1 _ 2v) (co+ VEr- (1 + v)N). (B.5) 
Since Er = ~~ and Eo = ~ (see Equation 1.7 in [1], where ~~ = 0 since the 
displacement vector is radial everywhere and therefore a function of r only), we 
obtain 
Er = - - N r dr + cl-d [ f31r 2 r] dr r2 0 3 
-2f31r 2 cl 
=7 
0 
Nrdr+f3N+ 3 . (B.6) 
Similarly, 
!31r 2 cl Eo = r 3 
0 
N r dr + 3 . (B.7) 
Equations (B.6) and (B.7) can now be substituted into Equation (B.4) for the 
radial stress, giving 
-2/3 1r 2 cl (1- v)Er = - 3 (1- v) Nr dr + (1 + v)N + -(1- v), r 0 3 
noting that f3 ~~~ (calculated from Equations 3.5 and 4.4 in [1]). Furthermore, 
2vf31r 2 cl 2vc0 = --;:J 
0 
Nr dr + 2v3, 
so that 
2/3 1r C (1- v)Er + 2vEo - (1 + v)N = -;:s(2v- 1) 
0 
Nr2dr + T(1 + v). 
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Therefore, 
Trr = (1 + v)~1 _ 2v) [~ (2v- 1) 1r Nr2dr + ~1 (v + 1)] 
-2f]E 1r N 2d C1E 
= r r + ----:-----:-(1 + v)r3 0 3(1- 2v)' 
that is, 
-2E 1r 2 C1E Trr = (1- v)r3 o Nr dr + 3(1- 2v)' (B.8) 
(cf. Timoshenko and Goodier [3) Equation (i), Article 152). Supposing that there 
are no externally-applied forces, ie. Trr = 0 at r = b, then 
C = 6(1- 2v) 1b N 2d 
1 b3(1-v) o r r. (B.9) 
Substituting this expression into Equation (B.2) gives 
f31r [1- 2v] r 1b u = 2 Nr2dr + 2 b3 Nr2dr. r 0 1-v 0 
It ). + 2~t 
Now (1- 2v) = -,- and (1- v) = (..\ ) , so that 
A+f.l 2 +f.l 
[1 - 2vl = 2~t . 1 v ). + 2~t 
Therefore f31r 2 [ It l r 1b 2 
u = r 2 
0 
N r dr + 4 ). + 2/.t b3 0 N r dr, 
(B.10) 
which is Equation (5) in the paper by Shannon and Rubinsky [2). Furthermore, 
the constant of integration, C1, can be substituted into Equation (B.8) to give 
-2E 1r 2E 1b Trr = (1- v)r3 o Nr2dr + b3(1- v) o Nr2dr. 
Now E = gK~t (Eq. 5.3 in [1]) where K =..\+~It (Eq. 4.4 in [1]), so that 
3K +It 3 
E = ~t(3..\ + 2~t) . 
..\+~t 
). + 2~t . 
Moreover, (1- v) = 2(..\ + ~t) (from Eqs. 5.5 and 4.4 m [1]). Therefore, 
_!!!_ = 2~t(3..\ + 2~t) = 2~tf3. 
1- v ). + 2~t 
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Hence, 
(B.ll) 
An expression for the hoop (or circumferential) stress, Too, may be obtained by 
substituting Equations (B.6) and (B.7) into Equation (B.5) to give 
[ /3 2v/3]1r cl Eo+ VEr- (1 + v)N = 3 - - 3 Nr2dr + vf3N + (1 + v)-- (1 + v)N r r 0 3 
(3 1r C 
= 3(1- 2v) Nr2dr + /3(2v- 1)N + (1 + v)-1. 
r 0 3 
Therefore 
E [/3 r c] Too = (1 + v)(1 _ 2v) r3 (1- 2v) Jo Nr2dr + f3(2v- 1)N + (1 + v)-f 
E ( E 2E {b 
= (1- v)r3 Jo Nr2dr- 1- vN + (1- v)b3 Jo Nr2dr. 
Recalling that __!!__ = 2f.lf3 gives 
1-v 
Too (B.12) 
These results were obtained by assuming that Trr = 0 at r =b. However, Shannon 
and Rubinsky have assumed that the outer boundary condition for Equation 
(B.1) is a uniform hydrostatic pressure, P, so that Trr -P at r = b. Using 
the Principle of Superposition, T - P may be added to equations (B.ll) and 
(B.12) to give: 
(B.13) 
and 
Too (B.14) 
which together comprise Equations (6) in the paper by Shannon and Rubinsky 
[2]. 
243 
B.2 Model 1: Uniform Growth Rate Through-
out the Tumour (No Radial Dependence) 
Shannon and Rubinsky [2] express the uniform growth rate assumption by 
Therefore, 
Thus, 
and 
N(r, t) = No(t). 
[ 
1 N 0 b3 1 N 0r 3 ] 
Trr = -P + 4p,f3 b3 -3-- r3 -3-
=-P 
[ 
1 N 0r 3 2 N 0b3 ] Too= -P + 2p,f3 - +----No 
r3 3 b3 3 
=-P, 
as in Equations (8) in the paper by Shannon and Rubinsky [2]. 
(B.15) 
B.3 Model 2: Growth Rate Linearly Dependent 
on Radius 
Shannon and Rubinsky express the linear growth rate assumption by 
N(r, t) = N0 (t)(1 + O"r). (B.16) 
Therefore, 
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Thus, 
and 
Too -P + 2~~ [~~ (r; + a:4 ) + 2; 0 (~+at) - No(l + ar)] 
= - P + No a~~ ( b ~r) , 
as in Equations (10) in the paper by Shannon and Rubinsky [2]. 
B.4 Non-dimensionalisation of Stress Equations 
for a Linearly Varying Growth Rate 
Shannon and Rubinsky [2] suggest that 'the effect of the spatial growth rate 
coefficient a and the diameter b on the tangential and radial stresses is best 
shown by non-dimensionalising the stresses and the hydrostatic pressure in terms 
of the cell (proliferation) and the elastic constants'. Thus, the non-dimensional 
stress field and hydrostatic pressure are defined by 
* T P* p 7 =No~~; =No~~· (B.l7) 
The non-dimensional radial stress, r;r, now becomes 
(B.l8) 
while the non-dimensional tangential stresses, r08 , become 
(B.l9) 
These non-dimensional equations elucidate some important aspects of the tumour 
stresses where a linearly varying growth rate exists. Indeed, the authors note that: 
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• The radial stress is always compressive when O"b < P*. 
• The radial stress can change from compressive to tensile when 
(1 - ~ )O"b > P*, particularly for small values of r. 
• The tangential stresses are always compressive when O"b < P*. 
• The tangential stresses can change from compressive to tensile when 
(1- ~~)O"b > P*, particularly for small values of r. 
r 2 
• The tangential stresses will always be compressive when - > for any b 3 
These observations are summarised in Table B.1 and illustrated in Figures B.1 
and B.2. 
r=O lcrb<p*l r=b 
Tension 
0~----------------------------~ 
-P*+ crb 
-P* 
_p *- cr b 
2 
Figure B.l: The Nature of the Tumour Stresses when the Parameter O"b is Less than the Non-
Dimensional Hydrostatic Pressure 
246 
CTb < P* CTb > P* 
radial stress always compressive compressive if~ < (1- ~;) 
tensile if ~ > (1- ~;) 
tangential stress always compressive r 2 ( P*) compressive if b < 3 1 - CTb 
r 2 ( P*) tensile if b > 3 1 - CTb 
Table B.l: The Effect of the Spatial Growth Rate, a, and the Tumour Radius, b, on the Nature 
of the Tumour Stresses 
1 A non-dimensional average normal stress, 3trT*, at any point in the tumour 
may be calculated, where 
Noting that there are two identical perpendicular components of tangential stress 
gives 
trT* = -3P* + CTb [ ( 1- ~) + ( 1- ~~) + ( 1- ~~) l 
= -3P* +3CTb (1- ~~). 
247 
r=O I crb>p*l 
Tension 
-P*+ crb 
Compression 
r=b 
-P* 
-P*- crb 
2 
Figure B.2: The Nature of the Tumour Stresses when the Parameter ub is Greater than the 
Non-Dimensional Hydrostatic Pressure 
Therefore, 
-tr = -P + ab 1- --1 T* * ( 4 r) 
3 3 b ' (B.20) 
which is Equation (14) in the paper by Shannon and Rubinsky [2]. In order to 
examine the effect of P on the stress field without calculating it explicitly, the 
authors set the non-dimensional hydrostatic pressure equal to a scalar multiple, 
s, of the non-dimensional average normal stress given by (B.20). Hence, 
so that 
which gives 
P* = s [-P* + ab ( 1 - ~ ~)] 
= -sP* + sab (1 - ~:C) 
3b ' 
(1 + s)P* = sab (1- ~~), 
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A non-dimensional averaged normal stress for the tumour, P, may now be defined 
by 
which gives 
- 1 ( 4 r) p = 1 + s CJb 1 - 3 b . 
The effect of hydrostatic pressure (described by s) on the average 
stress, P, in a tumour 
a. 
0.6 
0.4 
0.2 
-0.2 
/ 
I 
- rlb=O 
··· · rlb=0.5 
- - r/b=0.75 
- - r/b=1 
-o.4oL--'---'---3'---'---'---'-----,'---s'-----,'---...J,o 
(B.21) 
Figure B.3: The effect of hydrostatic pressure on average stress, for different locations r/b. 
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Appendix C 
An Extension of the Model by 
Shannon and Rubinsky to a 
Tumour Surrounded by Normal 
Host Tissue 
C.l Introduction 
Shannon and Rubinsky [1] have developed a spherically-symmetric model of a 
solid tumour where the surrounding host tissue was assumed to exert a certain 
hydrostatic pressure on the outer surface of the tumour. This extended model 
now considers the effects of the surrounding tissue in greater detail. Here, the 
tumour is surrounded by a spherical shell of host tissue which is itself in a rigid 
enclosure, having a fixed outer boundary. 
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C.2 
/ 
r = b (fixed) 
tissue 1 
(tumour) 
tissue 2 
(normal tissue) 
Figure C.l: The Two-Tissue Tumour Model 
Model Formulation 
r = a(t) 
The model now comprises two different tissues as shown in figure C.l. Associated 
with tissue 1, the solid tumour, are: 
• an outer radius, a(t), 
• a proliferation rate, N1 (r, t), 
• an elastic constant, (31 , where: 
{3 _ 3A1 + 2p,1 
1 
- A1 + 2p,1 ' 
and A1 and p,1 are the Lame elastic constants, 
• a Poisson's ratio, v1 , and 
• a Young's Modulus of Elasticity, E1 . 
Associated with tissue 2, the surrounding host tissue, are: 
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• an inner radius, a(t), 
• a fixed outer boundary of radius b, 
• a proliferation rate, N 2(r, t), 
• an elastic constant, {32 , where: 
3..\2 + 2f-l2 
..\2 + 2f.J,2 ' 
and ..\2 and f.J,2 are the Lame elastic constants, 
• a Poisson's ratio, v2 , and 
• a Young's Modulus of Elasticity, E2 • 
C.2.1 Tumour Tissue 
As in Shannon and Rubinsky's model [1], the volumetric expansion and the stress 
in the tissue are related according to the equation 
:!:_ [2_:!:_(r2u)] = !3dN1 (r, t), 
dr r2 dr dr (C.1) 
where u is the radial displacement, and 0 ::; r < a(t). Once again, this is a 
pseudo steady-state model since 'although the radius ... grows in time, it can 
be considered constant with respect to time ... since the radial growth is much 
slower than the time it takes for stresses to equilibrate' [1]. 
Integrating (C.1) gives 
r
2u = {31 N 1r 2dr + C1 + C2, 1r r3 0 3 
where C1 and C2 are constants of integration. Symmetry requires that u 0 
at r = 0, implying that C2 0, provided that N1 is well-behaved and N1r2 is 
bounded everywhere. Hence the displacement is 
!31 r 2 r 
u = r 2 Jo N 1r dr + C13. (C.2) 
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Recalling from the review of Shannon and Rubinsky's model in Appendix B that 
and 
where Er = ddu and Eo = '!!:., the radial and tangential stresses in the tumour are 
r r 
(C.3) 
and 
(C.4) 
respectively. 
The constant, C1 , must now be determined by considering tissue 2, the host 
tissue, at the tumour boundary. 
C.2.2 Surrounding Host Tissue 
As in the case of the tumour tissue, the relationship between the volumetric ex-
pansion and the stress in the surrounding host tissue is described by the equation 
_!!__ [~ d (r2u)] = /3z dNz(r, t) 
dr r 2 dr dr 
(C.5) 
where u is the radial displacement, and a(t) :::; r < b. A net proliferation rate, 
N 2 (r, t), is included to make the model as general as possible, although it is likely 
that the net proliferation of the host tissue would be very small in comparison 
with that of the adjacent tumour. 
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Equation (C.5) may be integrated to give 
where C3 is a constant. Integrating again gives 
where C4 and C5 are constants. The outer boundary of this sphere is fixed, which 
gives the boundary condition u = 0 at r = b. Therefore, 
Hence the displacement is 
(C.6) 
Now, 
so that 
(C.7) 
and 
(C.8) 
Recall that 
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where 
-2/32 lr (1- v2)Er = - 3-(1- v2) N2r2dr + f3N2(1- v2) 
'r a 
2132 Jb 2 C3 ( 2b3) + ~(1- v2) a N2r dr + 3(1- v2) 1 + ,.3 , 
and 
f321r 2 f321b 2 c3 ( b3 ) 2v2Eo = 2v2 3 N2r dr - 2v2 3 N 2r dr + 2v2- 1 - 3 . 
,. a r a 3 ,. 
Thus, 
(1 - v2)Er + 2v2Eo - (1 + v2)N2 = /3~ lr N2r2dr(2v2 - 2(1 - v2)) 
'r a 
+ /3~ lb N2r 2dr(2(1 - v2) - 2v2) 
r a 
+ ~3 [ 2v2 ( 1 - ~:) + (1 - v2) ( 1 + ~~3 )] 
+ f32N(1 - v2) - (1 + v2)N2 
2f321r 2 2/321b 2 c3 ( 4v2b3 2b3) 
3 N2r dr(2v2 - 1) + - 3 N2r dr(2v2 - 1) +- v2 + 1- - 3- + - 3 r a r a 3 'r r 
2/32 ( [lr 2 lb 2 l c3 [( 2b3 ( )] 
= ~ 2v2 - 1) a N2r dr - a N2r dr + 3 v2 + 1) - ,.3 2v - 1 . 
1 + v2 (Note that /32 = . Therefore, 1- v2 
E2 [2/32 [lr 2 lb 2 l ( )( ) - 3 (2v2- 1) N2r dr- N2r dr 1 + l/2 1 - 2v2 r a a 
c [ 2b3 ] l + -f (v2 + 1) -;:s-(2v2- 1) 
2/32E2 [lb 2 lr 2 ] E2C3 [ 1 2b3 l 
= (1 + v2)r3 a N2r dr- a N2r dr + -3- 1- 2v2 + r3(1 + v) ' 
or 
2E2 [lb 2 lr 2 l E2C3 [ 1 2b3 ] Trr = (1- v2)r3 a N2r dr- a N2r dr + -3- 1- 2v2 + r3(1 + v2) . 
(C.9) 
258 
Furthermore, 
where 
Therefore, 
The equations for the host tissue may now be related to those for the tumour 
tissue in order to determine the constants cl and c3. 
C.2.3 Interaction between the Tumour Tissue and the 
Surrounding Host Tissue 
Recall from the preceding sections that the Equations (C.3) and (C.9) governing 
the radial stresses are 
for the tumour tissue, and 
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for the surrounding host tissue. 
Clearly, the radial stress must be continuous at the boundary between the two 
tissues. Therefore, the radial stress at the outer boundary in Equation (C.3) for 
the tumour tissue must be equal to the radial stress at the inner boundary in 
Equation (C.9) for the host tissue. Thus, equating (C.3) and (C.9) at r = a 
or 
Furthermore, the displacement of the outer boundary of the tumour tissue must 
be equal to that of the inner boundary of the host tissue. Recall that Equation 
(C.2) for the displacement of the tumour tissue is 
/31 1r 2 r u=2 N 1rdr+C1-, 
r 0 3 
while Equation (C.6) for the displacement of the host tissue is 
/32 jr 2 (32 jb 2 C3 ( b3) u = - N2r dr - - N 2r dr + - r - - . 
r2 r2 3 r2 a a 
Equating (C.2) and (C.6) at r =a gives 
or 
0. (C.l2) 
Equations (C.ll) and (C.12) represent two simultaneous equations in two un-
knowns, cl and 03. 
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Solving for C1 
Let 
Noting that 
and 
b 
ry = -. 
a 
E 
-- = 2JJJ3, 1-v 
E 
-- = 3.A+2f.l 1- 2v 
f3=1+v 
1- v' 
allows Equations (C.ll) and (C.12) to be re-written as 
(C.13) 
4f.llf31 1a 2 cl 4f.l2f321b 2 
- 3- N1r dr- (3-Al + 2f.l1)-3 + - 3- N2r dr a o a a (C.14) 
+ (3.A2 + 2(1 + 2ry3)f.l2) ~3 = 0 
and 
(31 1a N 2d Cl f321b N 2d ( 3) C3 
- 1r r +a-+- 2r r- a 1- ry -~ 3 ~ 3 0 a 
0 (C.15) 
respectively. 
(C.16) 
(C.17) 
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Therefore 
where 
and 
'l/J12 = 4(1 - "/)M1 + 3.\2 + 2(1 + 2"l)M2 
= 4!'3(M2- M1) + (4M1 + 3.\2 +2M2), 
( = 3.\2 + 2(1 + 2-l)M2- (3.\1 + 2M1)(1 -!'3) 
= 3(.\2- ,\1) + 2(M2- M1) + !'3(4M2 + 3.\1 + 2M1)· 
Solving for C3 
M 1 . 1 . E . (C 15) b 3.\1 + 2M1 . u tip ymg quatwn . y g1ves 
a 
(C.19) 
/31 (3.\1: 2M1) 1a N1r2dr + (3.\1 + 2M1) C31 + /32(3.\1: 2M1) 1b N2r2dr 
a o a a (C.20) 
3)C3 
- (3.\1 + 2M1)(1 -!' 3 = 0. 
Adding Equation (C.20) to (C.14) now gives rise to 
3~1 (2M1 + .\1) 1a N1r2dr + /3~ (4M2+ 3.\1 + 2M1) 1b N2r2dr 
a o a a (C.21) 
- [3.\2 + 2(1 + 2!'3)M2- (3.\1 + 2MI)(1 1'3 )]~3 = 0. 
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Therefore 
(C.22) 
where 
K, 3.\2 + 2(1 + 2-'/)J1>2- (3.\1 + 2J1>1)(1- ',S). (C.23) 
C.3 General Equations for Stress in a Spherically-
Symmetric Solid Tumour Surrounded by 
Host Tissue in a Rigid Enclosure 
Having solved for the constants of integration, the stresses in the tumour are: 
(C.24) 
and 
(C.25) 
At this point, it is noted that the net proliferation of host tissue would generally 
be of a lower order than that of tumour tissue. As a simplification, then, the 
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proliferation of the host tissue, N2 (r, t), will hereafter be set to zero. Equations 
(C.24) and (C.25) now reduce to 
_ -4j.i,I{31 1r N 2d _ (3,\1 + 2J.tl)j31 ~121a N 2d 
Trr - 3 1 r r 3 1" 1 r r r o a ~ o 
(C.26) 
and 
(C.27) 
C.4 Stress Equations in a Tumour with a Spa-
tially Uniform Growth Rate 
As in Shannon and Rubinsky's model [1], the uniform growth rate assumption is 
expressed by 
N1(r, t) = No(t), (C.28) 
so that 
{r 2 Nor3 
Jo N1 (r, t)r dr = - 3-. (C.29) 
In this case, 
= -4J.tlf31 [Nor3] _ (3,\1 + 2J.tl)f31~12 [Noa3] 
Trr r3 3 a3( 3 
-4J.tlf31No (3,\1 + 2J.tl)f31~12No 
3 3( 
or 
f31No 
Trr = -
3
-( -4f.1,1 - p), (C.30) 
(3,\1 + 2J.t1)~12 .. 
where p = ( . In add1t10n, 
Tee 2J.tlf31 [Nor
3] _ 2 j3 N, _ (3,\1 + 2J.tl)f31 ~12 [Noa3] r3 3 f.tl 1 o a3( 3 
_ 2J.tlf31No _ 2 j3 N, _ (3,\1 + 2J.tl)f31 ~12No 
- 3 f.tl 1 0 3( ' 
or 
f31No Tee= --3-(4J.tl + p). (C.31) 
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C.5 Stress Equations in a Tumour whose Growth 
Rate is Linearly Dependent on Radius 
As in Shannon and Rubinsky's model [1], the linear growth rate assumption is 
expressed by 
N1(r, t) = N0 (t)(l + O"r), (C.32) 
so that 
O"r4] 
4 . (C.33) 
or 
(C.34) 
or 
(C.35) 
C.6 Non-dimensionalisation of Stress Equations 
The stresses may now be non-dimensionalised in terms of the growth rate at the 
centre of the tumour and the elastic pressure, giving a non-dimensional stress 
field of 
* 7 7 = --,..-
Nof.ll/31 
(C.36) 
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The non-dimensional stresses are now: 
(C.37) 
and 
(C.38) 
The constants contained in equations (C.37) and (C.38) are summarised below: 
(3Al + 2J-li)'I/J12 
p= ( ' 
'I/Jl2 = 4-l(f-l2- I-ll)+ (4!-ll + 3A2 + 2f-l2), 
( = 3(A2- AI)+ 2(f-l2- J-li) + ,·,S(4J-l2 + 3AI + 2f-li), 
b 
'Y = -, 
a 
where AI and /-li are the Lame constants for material 1 (the tumour tissue), A2 
and f-l2 are the Lame constants for material 2 (the host tissue), and a and b are 
the outer boundaries of the tumour and host tissues respectively. 
A non-dimensional average normal stress, r;v, at any point in the tumour is given 
by 
T * 1 ( * * * ) 1 [ ( p ) O'ap ( 14/-li r)] 
av = 3 Trr + Too + Tq,q, = 3 - 4 + /-ll - 4/-li 3 + -P-;; ' 
= -~ (4 + _e_) - O'ap (1 + 14!-li :_) . (C.39) 
3 J-li 4J-li 3p a 
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Appendix D 
A Review of the Mathematical 
Model by Jones et al. of the 
Stress Induced during A vascular 
Tumour Growth 
D.l Introduction 
Jones, Byrne, Gibson and Dold [1] have developed a mathematical model to 
describe the mechanical stresses generated during the growth of a solid tumour. 
Noteworthy aspects of the model include the incompressibility assumption, which 
significantly simplifies the constitutive law, and the assumption that momentum 
changes may be neglected during growth, which simplifies the equilibrium equa-
tion. Furthermore, growth is regulated by the supply of nutrients, the model 
being limited to avascular tumours whose nutrients are distributed by diffusion 
alone. 
The mathematical model is used to consider three different cases: 
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• One-Dimensional Growth in a Smooth, Semi-Infinite Rectangular Tube, 
• One-Dimensional Growth in a Bounded, Rectangular Tube, and 
• Growth of a Radially-Symmetric Tumour. 
D.2 Model Equations 
D.2.1 Nutrient Concentration 
The rate of consumption of the nutrient is considered to be proportional to the 
nutrient concentration, e(r, t), and the tumour cell density, n. Moreover, the 
nutrient is assumed to evolve in a quasi-steady fashion. Hence it may be deduced 
that the nutrient concentration satisfies the equation 
2 m 0 = D \l e- -en 
c n* ' 
m 
where - is the nutrient consumption rate and De is the diffusion coefficient 
n* 
(assumed constant). Further, it is assumed that the tumour cells have a constant 
density such that n = n*, so that the nutrient concentration equation reduces to 
0 = DcV2e- me. (D.l) 
D.2.2 Cell Proliferation and Advection 
The model assumes that the cell proliferation rate is proportional to both the cell 
density, n(r, t), and the nutrient concentration, e(r, t), while the cell death rate 
is proportional to the cell density alone. Thus, the tumour cell density satisfies 
the equation 
on 
ot + V.(vn) = (ae- k)n, 
where a is the proportionality constant for the cell proliferation rate and k is the 
proportionality constant for the cell death rate. This further simplifies to 
V.v = ae- k, (D.2) 
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since the tumour cell density is assumed constant. 
D.2.3 Movement of the Tumour Boundary 
The tumour boundary moves with the the cell velocity at the surface. The bound-
ary is denoted by r ( r' t)' so that 
ar 
ot + (v.V)r = 0 on r = 0. (D.3) 
D.2.4 Equilibrium of Stresses 
The stresses in the tumour are represented by a stress tensor, u. Since it is 
assumed that growth is slow and that momentum changes may be neglected, the 
equilibrium equation is 
V.u = 0. (D.4) 
D.2.5 Constitutive Relation 
The constitutive law used in the model is 
where ~ (Vu + VuT) represents the strain tensor, ~go describes the tumour 
growth and 2~(3u- Tr(u)o) describes the tumour's stress response. Here, 
g is the volume per unit volume created by growth at a given point, o is the 
Kronecker-delta, E is Young's Modulus of Elasticity and Tr(u) is the trace of 
the stress tensor (ie. the sum of the diagonal elements). In the absence of the 
growth term (ie. when g = 0), the equation is essentially identical to Equation 
(4.8) in [2) or Equation (6.2.6) in [3) where Poisson's ratio is taken to be ~' the 
value for incompressible materials. Taking the trace of the equation gives 
g=V.u, 
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which is consistent with the analysis by Landau and Lifschitz [2] which shows that 
'the sum of the diagonal components of the strain tensor is the relative volume 
change.' The constitutive law is then differentiated since the volume production 
is continuous and creates movement. A convected derivative is used since the 
changes within a material element are being considered. Indeed, in the interests 
of objectivity, a co-rotational (Jaumann) derivative is taken since constitutive 
laws must be invariant if re-formulated in an arbitrarily rotating frame. Hence, 
differentiation yields 
~ (Vv + VvT) = ~(V.v)b + 2~ [~t (3u- Tr(u)b + 3(w.u- u.w)] , (D.5) 
where 
(D.6) 
is the second order vorticity tensor. 
D.2.6 Non-dimensionalisation 
Equations (D.l) to (D.6) may now be non-dimensionalised. Distance is scaled 
with the nutrient diffusion length, L = J!!i, time is scaled with the tumour 
doubling time, T = ~ , and the nutrient concentration is scaled with the 
av0 
externally-supplied concentration, Co (assumed fixed). The following dimension-
less parameters may now be introduced: 
- r 
r= L' 
- t 
t= T' 
- c 
c= Co' 
_ vT 
v=y, u = lT and w = wT. E 
Dropping the tildes for clarity, the model equations now become 
V.v = c- t:, 
ar 8t + (v.V)f = 0 on r = 0, 
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(D.7) 
(D.8) 
(D.9) 
V.u = 0, (D.lO) 
~ (Vv + VvT) = ~(V.v)c5 + ~ [gt (3u- Tr(u)8 + 3(w.u- u.w)] , (D.ll) 
where 
1 
w = 2 (Vv - VvT) , 
E = Tk = _!5_. 
aGo 
(D.l2) 
In the cases to follow, the vorticity tensor, w, will be assumed zero so that the 
co-rotational derivative reduces to the material derivative. 
D.3 Case 1: 1-D Tumour Growth in a Smooth, 
Semi-Infinite Rectangular Tube 
This model considers a semi-infinite rectangular tumour whose growth is directed 
along the x-axis, and which is symmetric about the y- and z-axes. The tumour 
is initially in a zero-stress state. 
Equation (D.7) now reduces to 
fPc 
8x2 =c. 
Hence, 
c= 0, 
giving rise to the characteristic equation 
whose roots are m = ±1. Therefore the general solution is 
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Since ~~ ----t 0 as x ----t -oo in order to ensure bounded solutions, K 2 0. 
Furthermore, since c (a(t), t) = 1, K1 = e-a(t). Therefore, 
or 
c = ex-a(t)' 
corresponding to Equation (17) in [1]. 
Now Equation (D.8) reduces to 
ov 
-=c ox 
= ex-a(t) from (D.13). 
(D.l3) 
Importantly, E = 0 in this case since it has been assumed that the rate of cell 
death is proportional to the cell density alone, and the semi-infinite nature of 
the tumour would result in collapse at infinite speed for a finite cell death-rate. 
Thus, 
v =I ex-a(t)dx 
= ex-a(t) + K3, 
subject to v(x, t) ----t 0 as x ----t -oo, which implies that K 3 = 0. Therefore, 
v = ex-a(t)' 
which corresponds to Equation (19) in [1]. 
Since x = a(t) denotes the position of the tumour surface at timet, then 
~~ = v(a(t), t) = ea(t)-a(t) = 1, 
and 
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(D.14) 
Since a(O) = 0, K 4 = 0, which gives 
a= t. (D.15) 
As a result of the tumour's symmetry and the absence of friction in the surround-
ing tube, it may be assumed that there are no shear stresses. As a consequence, 
the stresses aligned with the coordinate axes will be principal stresses, the stress 
tensor being given by 
O'x 0 0 
0 O'y 0 
0 0 O'z 
Therefore, in this case, the equilibrium equation is 
~ 
ax 
~ =0. 
f)y 
fkL 
f)z 
The component in the direction of the x-axis is 
which means that 
8ax = O 
ax ' 
(D.l6) 
(D.l7) 
(D.l8) 
No external forces are applied to the tumour boundary and the outside pressure 
may be scaled to zero, giving the boundary condition 
O'x = 0 at x a(t). 
This means that K 5 = 0, and ax= 0 V x, t. 
The force balance in the direction of the y-axis is 
8ay = 0 ay , 
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(D.l9) 
so 
Similarly, the force balance in the direction of the z-axis is 
so 
aO"z = O 
az ' 
Recall that the material derivative of the constitutive equation is 
In this case, the equation may be expressed by 
~ 0 0 ~+~+~ 0 fJx fJx fJy fJz 
~ 1 fJv, + ~ + OVz 0 0 - 0 fJy 3 fJx fJy fJz 
0 0 ~ 0 0 fJz 
0 
(D.20) 
(D.21) 
(D.22) 
0 
1 a a 
+-(-+vi-) 
2 at axi 
30"x- Tr(u) 
0 30"y- Tr(u) 0 
0 0 30"z- Tr(u) 
Recall that Vy = Vz = 0 and Vx = v, and that O"x = 0. Hence the equation reduces 
to 
2 0 0 -O"y- O"z 0 0 
1 av 1 a a 
, (D.23) 
3ax 
0 -1 0 = -(-+v-) 0 20"y - ()" z 0 2 at ax 
0 0 -1 0 0 20"z- O"y 
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which is Equation (25) in [1 ]. This gives rise to the following three non-trivial 
equations: 
~ av = ! (~ + v~) (-a - a ) 3 ax 2 at ax y z ' (D.24) 
1av 1(a a) 
- 3 ax = 2 at + v ax ( 2a y - a z)' (D.25) 
_!av =! (~+v~) (2a -az)· 
3 ax 2 at ax y (D.26) 
Subtracting the third equation from the second gives the simpler relation 
(D.27) 
Therefore, for a given material element 
Since ay -+ 0 and az -+ 0 as x -+ -oo (for bounded stresses) and ay = az = 0 
at t = 0, with v 2: 0, it may be deduced that ay = az throughout the tumour. 
Hence 
ay = az = a(x, t). (D.28) 
Substituting this result into any of the three constitutive equations (D.24) to 
(D.26) yields the following equation for a: 
(~ +v~) a= ~av at ax 3 ax' (D.29) 
corresponding to Equation (28) in [1]. Noting that v = ex-a(t) =ex-t, Equation 
(D.29) may be expressed by 
aa x-taa 
-+e -at ax 
2 x-t 
--e 
3 ' 
(D.30) 
which may now be solved for a using the Method of Characteristics, subject to 
the initial condition that a= 0 at t = 0. 
277 
Introducing the parameter, p, ~; becomes 
d(J dt a(J dx a(J 
-=--+--dp dp. at dp. ax ' 
which, when compared with (D.30), suggests 
dt 
Now let 
dp = 1, 
dx x-t 
dp = e ' 
d(J 2 x-t 
-=--e 
dp 3 
t(p = 0) = 0, 
x(p = 0) = xo, 
and (J(p = 0) = 0 since (J = 0 on t = 0. 
The solution of (D.31) with the initial condition (D.34) is 
t(p, xo) = p. 
Equation (D.32) now becomes 
dx = ex-p 
dp 
where x(p = 0) = x 0 , which implies that 
where cl is a constant. Since x(p = 0) = Xo, 
Therefore 
278 
(D.31) 
(D.32) 
(D.33) 
(D.34) 
(D.35) 
(D.36) 
(D.37) 
(D.38) 
Finally, the equation for CJ' becomes 
dCJ' 2 x-p 
= --e 
dp 3 
2 e-P 
3 e-x 
2 e-P 
- 3 e-P + e-xo - 1 ' with CJ'(p = 0) = 0, 
whose solution is 
2 (}' = ln(e-P + e-xo 1) + C2, 
3 
where C2 is a constant. Now since CJ'(p = 0) = 0, then 
which gives 
Thus, 
2 2 CJ' = -ln(e-P + e-xo - 1) - -ln e-xo. 
3 3 
Elimination of p and x0 now gives rise to an explicit solution. Recall that 
t = p from (D.37) 
and that 
e-xo =e-x e-P + 1 from (D.38), 
which gives 
2 2 (}' = -ln(e-t +e-x- e-t + 1- 1)- -ln(e-x- e-t + 1). 
3 3 
Therefore, 
2 2 l ( -x -t ) CJ' = --x- - n e - e + 1 3 3 ' 
which corresponds to Equation (29) in [1]. 
This result is displayed graphically in Figure (D.1). 
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(D.39) 
(D.40) 
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Figure D.l: Evolution of the Transverse Stress in a Thmour Growing in a Smooth, Semi-Infinite 
Rectangular Thbe 
D.4 Case 2: 1-D Tumour Growth in a Bounded 
Rectangular Tube 
In this case, the finite nature of the tumour allows for the re-introduction of cell 
death to the model. Now the tumour occupies the region 0 < x < a, such that 
x = 0 represents a rigid, impermeable boundary, and expansion occurs in the 
positive x-direction. As in the previous case, the tumour is symmetric about the 
y- and z-axes and is initially in a zero-stress state. 
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Again, Equation (D.7) reduces to 
so that 
Now 
where 
which gives 
Moreover, 
which gives 
Therefore, 
or 
fPc 
ox2 = c, 
oc ----t 0 ox as x ----t 0, 
c(a(t), t) = 1, 
coshx 
c---
- cosha' 
which corresponds to Equation (33) in [1]. 
Equation (D.8) reduces to 
Thus, 
ov 
- =C-E 
ox 
coshx 
- -E 
- cosha · 
sinhx 
v = h - c:x+ K3 , 
cos a 
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(D.41) 
where v(x, t) -+ 0 as x-+ 0. Thus, K3 = 0. Therefore, 
sinhx 
Now, 
or 
V= ---EX. 
cosh a 
da sinha 
-d = v(a(t), t) = -h- - Ea, t cos a 
da 
dt =tanh a- w. 
As in the previous case, the equilibrium equation is 
~ 
ax 
~ =0, 8y 
~ 
8z 
with the following constitutive equations: 
28v 1(8 a) 3ax = 2 at +vax (-o-y-O"z), 
1 av 1 (a a) 
-3 ax = 2 at +vox (2o-y- O"z), 
-- = - - + v- ( 2o- - (T z). 1 av 1 (a a) 3 ax 2 at ox y 
Again, O"x = 0 with O"y = O"z = o-(x, t). 
Thus, the equation for a- is 
where, in this case, 
and 
Therefore, 
( !!__+vi_) a-= -~ ov, at ax 3 ax 
av coshx 
= -E 
ox cosha 
v 
sinhx 
---EX. 
cosh a 
oo- + (sinhx _Ex) oo- = -~ (coshx _E). 
at cosh a ax 3 cosh a 
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(D.42) 
(D.43) 
(D.44) 
This may now be solved using the Method of Characteristics. Introducing the 
parameter, p, Equation (D.44) may be expressed as 
dt = 1 
dp ' 
dx sinhx 
=---EX, 
dp cosha 
dCJ = -~ (coshx _E). 
dp 3 cosha 
Noting that the initial conditions are 
t(p = 0) = 0, 
x(p = 0) = s, 
CJ(p = 0) = 0, 
(D.45) 
(D.46) 
(D.47) 
Equation (D.45) shows that t = p, which allows an equation for ~; to be pro-
duced, being 
da da 
dp = dt = tanh a - w. (D.48) 
The solutions to Equations (D.45) to (D.48) are illustrated in Figure D.2. Note 
that these solutions use E = 0.1 and show the evolution of stresses for an equilibrium-
size tumour of radius a*, such that 
da 
dt = 0 =tanh a*- Ea*, 
or 
a* rv 10. 
(Note that because the Method of Characteristics has been used to produce these 
numerical solutions, the plots in Figure D.2 exhibit a noticeable 'kink'. This 
problem was addressed elsewhere in this thesis by using a different numerical 
scheme, based on the Lax-Wendroff method.) 
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D.5 Case 3: Growth of a Radially-Symmetric 
Tumour 
This section considers the growth of a radially-symmetric spherical tumour. In 
this case, Equation (D.7) for the nutrient concentration, \72c = c, reduces to 
To solve this equation, a new variable, u(r), is introduced such that 
c(r) = u(r). 
r 
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(D.49) 
Now 
so 
which means that 
Therefore 
du 
oc -r-u dr 
or r2 
1 du u 
----
r dr r2' 
2 oc du r -=r- u, 
or dr 
du d2u du 
-+r---dr dr2 dr 
d2u 
= r dr2. 
__!:_~ (r2 oc) = ! d2u 
r 2 or or r dr2 . 
Equation (D.49) may now be expressed by 
1 d2u u 
r dr2 ' r 
or 
u = 0. 
This has a characteristic equation 
m 2 -1 = 0, 
whose roots are m = ±1. Therefore the general solution is 
k r k -r u = 1e + 2e , 
or 
kt r k2 -r 
c= -e + -e 
r r 
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(D.50) 
where k1 and k2 are constants. Now k1 + k2 = 0 since c must be bounded as 
r -+ 0, which gives 
Furthermore, c = 1 at r = a, which gives 
Therefore 
which is Equation (46) in [1]. 
a kl = ---
2sinha 
a sinh r 
c = rsinha' (D.51) 
Equation (D.8) for the cell velocity, V .v = c- E, is expressed in spherical polar 
coordinates as 
1 a 2 
--(r v) = c- E, 
r 2 or (D.52) 
where vis the radial component of the velocity vector, the other two components 
being zero. In this case, 
or 
Therefore 
1 a 2 a sinh r 
r2 ar(r v) = rsinha- E, 
(~h ) rsinhr- cr2 . sm a 
a tr3 
--(rcoshr- sinhr)-- + K 
sinh a 3 
where K is a constant. Hence, 
a <:r K 
v = 2 . h ( r cosh r - sinh r) - -3 + 2 . r sm a r 
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Now as r--+ 0, 12 (rcoshr- sinhr)--+ Q, which means that r 0 
Further, 
lim ( r cosh r - sinh r ) = lim (cosh r + r sinh r - cosh r) 
r-tO r2 r-tO 2r 
(by L'Hopital's rule) 
1. sinh r = lm--
r-tO 2 
=0. 
1. cr Im-
r-tO 3 0, 
which means that K = 0, since v = 0 at r = 0. Hence, 
a Er 
v = 2 . h ( r cosh r sinh r) -3 , r sm a (D.53) 
as in Equation (47) in [1]. The velocity at the tumour boundary is given by 
da · 
dt = v(a, t) 
.
1 h (a cosh a - sinh a) - m 
asm a 3 
1 Ea 
= cotha---
a 3' 
as in Equation (48) in [1]. 
Turning now to the equilibrium of forces, recall from Equation (D.10) that 
V.u = 0. In spherical polar coordinates, the stress tensor, u, is expressed 
by 
287 
since the tumour is spherically-symmetric. The divergence of the stress tensor 
now becomes 
V.u = 
Hence, 
1 a 2 1 a . 1 OCYcpr (aee + aq,cp) 2~(r CYrr) + -. -() £::~()(sm().aer) + -. -() £::~,+. -
r ur r sm u r sm u'l-' r 
1 0 2 1 0 . 1 Oaq,e CY(}r COt ().aq,cp 2~(r are)+-.-() £::~()(sm().aee) + -. -() £::~.+. +--
r ur r sm u r sm u'l-' r r 
1 0 2 1 0 . 1 Oaq,q, CYcpr COt ().acpe 2~(r arc/>)+ . () £::l()(sm().a8¢) + -. -() £::~.+. +- + 
r ur r sm u r sm u'l-' r r 
1 2 oar) 1 
-(2rar + r - - -(ae +a¢) 
r 2 ar r 
1 aae . cot e.acp 
-.-() (cos e.ae + £::!() • sm ()) -
rffin u r 
V.u = 
_1_aa¢ 
r sin() a¢ 
1 aae 1 
--+-cot ()(ae- a¢) 
r ()() r 
1 aaq, 
---
r sin() a¢ 
0 
0 ' 
0 
(D.54) 
as in Equation (49) in [1]. 
Recall that the constitutive equation is 
1 1 [ D l 3(V.v)6 + 2 t (3u- Tr(u)6 , 
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neglecting the term involving the vorticity tensor. Thus, in spherical polar coor-
dinates, 
av 
0 0 -ar 
0 
v 
0 -r 
0 0 
v 
-
r 
1 0 0 
=! [ ~~(r2v)] 3 r2 ar 0 1 0 
0 0 1 
20"r- 0"(}- 0"¢ 0 
0 20"o- O"r- 0"¢ 
0 0 
0 
0 
which is Equation (50) in [1]. Subtracting the (}(} equation from the ¢¢ equation 
now gives 
which implies that 
since there was initially zero stress within the tumour. Indeed, this result is 
expected in view of the tumour's spherical symmetry. It further implies, based on 
the last two components of the equilibrium of forces, that O"o and O"¢ are functions 
of r and t only, and that the equations are trivially satisfied. Therefore, the 
equilibrium of forces is completely described by the first of the three components. 
Returning to the constitutive equation, the rr equation may be expressed by 
av 1 a 2 1 (a a) 
- = --(r v) +- - + v- (20"r- 20"o) ar 3r2 ar 2 at ar 
= - - + - + - + v- (3, 1 ( 2v av) ( a a ) 3 r ar at ar 
where 
Therefore, 
2av 2v (a a) 3 ar - 3 r = at+ v ar (3, 
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or 
~ (av _ ~) = (!!_ + v~) (3. 3ar r at ar 
This may be expressed by 
~r~ (~) = (!!_ + v~) (3, 
3 ar r at ar (D.55) 
since 
r~ (~) =r (~r-v) 
ar r r2 
av v 
ar r 
In summary, then, the equilibrium of forces and the constitutive relation give rise 
to the following equations: 
(!!_ + v~) (3 = ~r~ (~) at ar 3arr 
aar + 2(3 = 0 
ar r 
where (3 = Clr - CJ(J. 
for the constitutive law, 
for the equilibrium equation, 
(D.56) 
(D.57) 
(D.58) 
To solve this system of equations, Equation (D.56) is to be solved first for (3. This 
may be achieved using the Method of Characteristics. Expanding the equation 
gives 
a(3 + v a(3 = ~r~ (~) . 
at ar 3 ar r 
Now 
a(r cosh r- sinh r) Er 
V= --
r2 sinh a 3' 
so 
v a ( r cosh r - sinh r) E 
r r 3 sinh a 3 
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Hence, 
_a_~ [rcoshr- sinhrl 
sinh a 8r r3 
= _a_ [sinh r _ 3 cosh r + 3 sinh rl 
sinh a r2 r3 r4 · 
Therefore, the right-hand side of Equation (D.56) is 
~r~ (~) 
3 8r r 
~-a- [sinhr _ 3coshr + 3sinhrl 
3 sinh a r r2 r3 
= 2 
2~ h [ (~ + r) sinh r - 3 cosh r] . 3r sm a r 
Introducing the parameter, p, Equation (D.56) may be expressed by 
dt 
dp = 1, 
dr a(r cosh r- sinh r) Er 
dp r2 sinh a 3 ' 
: = 3r2 !:h a [ ( ~ + r) sinh r - 3 cosh r ]· 
Noting that the initial conditions are 
t(p = 0) = 0, 
r(p = 0) = s, 
f3(p 0) = 0, 
(D.59) 
(D.60) 
(D.61) 
Equation (D.59) shows that t = p, which allows an equation for ~; to be pro-
duced, being 
da da 1 w 
- = = coth a - - - -. 
dp dt a 3 (D.62) 
Having solved for {3, Equation (D.57) may be solved for ar, the radial stress, 
using a Runge-Kutta scheme (for example). Finally, Equation (D.58) yields the 
transverse stress, a0 . 
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Figure D.3: Evolution of (3 (Radial - Transverse Stress) for an Equilibrium-Size Thmour with 
Radial Symmetry. (t = 0.1) 
The solutions to Equations (D.45) to (D.48) are illustrated in Figures D.3, D.4 
and D.5. Note that these solutions use E= 0.1 and show the evolution of stresses 
for an equilibrium-size tumour of radius a*, such that 
or 
da * 1 w* 
- = 0 = coth a - - - -dt a* 3 ' 
a* rv 29. 
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Evolution of Transverse Stresses within an Equilibrium-Size Tumour 
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Figure D.5: Evolution of the Transverse (Azimuthal) for an Equilibrium-Size Tumour with 
Radial Symmetry. (t: = 0.1) 
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D.6 Final Comment 
A major shortcoming of this model is the failure of the predicted stresses to reach 
a steady-state at the tumour's equilibrium size. This problem has been addressed 
in the present thesis. 
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